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POSITIVE STEADY STATES OF AN INDEFINITE EQUATION WITH A 
NONLINEAR BOUNDARY CONDITION: EXISTENCE, MULTIPLICITY, 
STABILITY AND ASYMPTOTIC PROFILES 

HUMBERTO RAMOS QUOIRIN AND KENICHIRO UMEZU 


Abstract. We investigate positive steady states of an indefinite super linear reaction- 
diffusion equation arising from population dynamics, coupled with a nonlinear boundary 
condition. Both the equation and the boundary condition depend upon a positive pa¬ 
rameter A, which is inversely proportional to the diffusion rate. We establish several 
multiplicity results when the diffusion rate is large and analyze the asymptotic profiles 
and the stability properties of these steady states as the diffusion rate grows to infinity. 
In particular, our results show that in some cases bifurcation from zero and from infinity 
occur at A = 0. Our approach combines variational and bifurcation techniques. 


1. Introduction and main results 

Let n be a bounded and regular domain of with N > 2. In this article we are 
concerned with the problem 

—Au = X{m{x)u + a{x)\u\^~'^u) in fl, 

= Xb{x)\u\‘i-^u on dn, 


A is the usual Laplacian in 
A e IR 

1 < q < 2 < p and if iV > 2 then p <2* = 
m,a e L“(n), m+ ^ 0 
b G L°“(an) 

n is the outward unit normal to dQ. 

Our main goal in this article is to carry on the study of (Pa), which was addressed 
in [23] for the logistic case a < 0. By variational and bifurcation techniques, we established 
existence and multiplicity results for non-negative solutions of (Pa)- Moreover, the structure 
of the non-negative solutions set was also discussed. We intend now to deal with these issues 
in the case where a changes sign. 

By a solution of (Pa) we mean a weak solution, i.e. u G satisfying 

f — A f m{x)u(p — X f a{x)\u\P~'^u(p — X ( b[x)\u\'^~‘^up = Q, G P^(n). 

J Q J Q. Jq J dfl 

In this case, we may also say that the couple (A, u) is a solution of (Pa). As already pointed 
out in [23], solutions of (Pa) satisfy u G Rioc (Al) H C^{n) for some r > N and 0 < d < 1, so 
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that by the weak maximum principle m Theorem 9.1], nontrivial non-negative solutions 
of {P\) are strictly positive in 17. 


(Pa) describes the steady state of solutions of the 
value problem 


corresponding initial boundary 


{ 3ii 

— = V ■ {dSJu) + {m{x) + a{x)\u\P~'^)u 

it(0, x) = uo(x) > 0 
{dVu) ■ n = b{x)\u\'^~‘^u 


in (0, oo) X 17, 
in 17, 

on (0, oo) X 917, 


( 1 . 1 ) 


which appears as a model in population dynamics (see Cantrell and Cosner m, Gomez- 
Rehasco and Lopez-Gomez [H]). Here the unknown function u stands for the population 
density of some species having m{x) as intrinsic growth rate and m{x) + a{x)\u\P~^ as 
extrinsic growth rate. If a{x) < 0 then the latter one is the well known logistic growth rate, 
with self-limitation {a{x) < 0) or without limitation {a{x) = 0), so that the region where 
a{x) = 0 can be considered as a refuge. We can give the case a{x) > 0 the following biological 
interpretation (cf. [18)1: in this case, the extrinsic growth rate measures the symbiosis effect 
due to the intraspecific cooperation whereas, in the case a{x) < 0, it measures the crowding 
effect associated with competition. As for the nonlinear boundary condition, it suggests 
that the flux rate (dVu) ■ n of the population on 917 is incoming or outgoing (according to 
the sign of b{x)) and depends nonlinearly on u as (cf. [H]). From the population 

dynamics viewpoint, we point out that the parameter A appearing in (Pa) describes the 
reciprocal number of the diffusion coefficient d > 0, and only non-negative solutions are of 
interest. 


Elliptic problems with indefinite nonlinearities have been studied over the last 25 
years, starting with the works of Handle, Pozio and Tesei [1], Ouyang [^, Alama and 
Tarantello [5], Berestycki, Gapuzzo-Dolcetta and Nirenberg mis], Lopez-Gomez m , etc. 
Brown and Zhang m and Brown [8] used the Nehari manifold (or fibering) method to 
discuss existence, multiplicity, and non-existence of positive solutions for the problem 

J —Au = Xm{x)u + a{x)\u\P~‘^u in 17, 

( M = 0 on 917, 

according to the position of A. The sublinear case 1 < p < 2 and the superlinear case 
p > 2 were treated in [5] and respectively. We shall see in this article that the Nehari 
manifold method turns out to be efficient for (Pa) as well. 

We note that (Pa) is characterized by the combination of the nonlinearities m{x)u + 
a{x)\u\P~'^u in 17 and b{x)\u\'^~‘^u on 917. Furthermore, the signs of m, a and b may com¬ 
pletely change the effect of these nonlinearities. For elliptic problems with such combined 
nonlinearities, we refer to Ghipot, Fila, and Quittner m, Lopez-Gomez, Marquez, and 
Wolanski [20], Morales-Rodrigo and Suarez [21], Wu m- Besides investigating existence 
and multiplicity of positive solutions, we shall analyze as well the structure of the positive 
solutions set. Our approach is mainly based on a detailed study of the energy functional 
associated to (Pa). Note however that unlike most of the aforementioned works, (Pa) lacks 
coercivity on its left-hand side, since the term |Viip )2 does not correspond to the norm 
of u in 

Since the set of solutions of (Pa) at A = 0 is explicitly provided by the constants, we 
may obtain positive solutions for |A| small by a bifurcation analysis on the line (A, u) = (0, c), 
where c > 0 is a constant, cf. [551 HH]- On the other hand, the lack of continuity of the 
derivative of \u\‘^~'^u at m = 0 prevents the use of the bifurcation approach to obtain positive 
solutions bifurcating from the zero solution. Finally, let us remark that the boundary point 
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lemma cannot be applied directly to our problem, since it seems difficult to deduce that any 
nontrivial non-negative solution belongs to C^(n) in view of the assumption 0 < g — 1 < 1. 
Therefore we are not able to infer that nontrivial non-negative solutions are positive on Q. 
However we shall prove in Proposition 15.11 that if m is a nontrivial non-negative solution of 
(Pa) then the set {x G : u{x) = 0} has no interior points in the relative topology of 
Note that, in the one-dimensional case TV = 1, the boundary point lemma is applicable, and 
we can deduce that any nontrivial non-negative weak solution of (Pa) is positive on H, see 
Proposition IB. II in Appendix [B] 

Let us set the notations and conventions used in this article: 


• The infimum of an empty set is assumed to be oo. 

• Unless otherwise stated, for any / G P^(U) the integral is considered with 

respect to the Lebesgue measure, whereas for any g G the integral 5 is 

considered with respect to the surface measure. 

• For r > 1 the Lebesgue norm in P’'(U) will be denoted by || • ||r and the usual norm 
ofpi(L!)by Ml. 

• We set 2* = and 2* = for N > 2. 

• The strong and weak convergence are denoted by —> and respectively. 

• The positive and negative parts of a function u are defined by := max{±u, 0}. 

• If P C IR^ then we denote the closure of P by P and the interior of P by int P. 

• The support of a measurable function / is denoted by supp /. 

• If $ is a functional defined on P^(r2), we set 

:= {m G P^(U); $(w) ^ 0}, $o := $”^(0) and := U $o- 


Recall that 

Ai = Ai(to) := inf | f |Vup;n G f mu^ = 

L jn J vl 

is a principal and simple eigenvalue of the problem 

J —Au = \m{x)u in U, 

I in “ ® on clfl. 

It is well known (cf. Brown and Lin [lOj i that Xi{m) > 0 if and only if f^m < 0, in which 
case Ai(to) is achieved by a unique non-constant eigenfunction (pi such that tpi > 0 on Q. 
If f^m > 0 then Ai(m) = 0 is achieved by (pi = m) ^. 



We set 


^ g(p-2) f p{2-q) \^ 

2{p-q)[2{p-q) 


and 


Ki{m, a) = Cj 


(fn^) 


p — q 
P-2 


pq 


(- In «) 


2-g 7 
P-2 


whenever J^m > 0 > 

Let (f : [0, oo) IR be given by 

ip{t) = f m + f a+ f b. 

J Q Jfl J 

It is easily seen that if either 


(1.3) 


(1.4) 


(1.5) 


/ TO > 0 > / a 

In Jn 


and — 


6 < 0 


' on 


Ki{m,a) < 
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or 


/ TO < 0 < / a and Ki{—m,—a)> / &>0 

Jn Jn Jon 


IQ JQ 

then ip has two zeros ci < C 2 , which satisfy 


(2 - q) L m\ 

Cl < 1 -7 -< C2. 

(P - 9 ) in « 


a > 0 > b 
IQ JdQ 


If either 

a < 0 < b or 
jQ JdQ 

then (fi has an unique zero, denoted by Cq. 

In order to simplify the notation, we introduce the functionals 

E\{u) = j (|VmP — Ato(x)m^) , 21(m) = f a{x)\u\^ and B{u) 

Jq JQ 

defined on From the compactness of the Sobolev embeddings 

-A -A L‘(an), 


( 1 . 6 ) 


/an 


b{x)\u\ 


for r G [1,2*) and t G [1,2*) respectively, it is straightforward that E\ is weakly lower 
semi-continuous, whereas A and B are weakly continuous. 

Remark 1.1. The following results, which can be easily verified, will be used repeatedly 
throughout this article: 

(1) If {un) is a bounded sequence in E[^{n) then we may assume that Un uq, A{un) —/ 
A(t6o), B{un) —/ B{uo), and E\{uo) < liminf i?A(t6„), for some uq G H^{Gl). 


(2) If ^ 0 in H^{n) and limsupi?A('u„) < 0 then > 0 in H^{n). 
Let us set 

r f r 4 

TOU^ = 1 r > 


and 


Aa = Ao(to) := inf | / \Vu\'^;uG A'^, f 
iJQ JQ 

Xb = Xbim) := inf |y \Vu\'^;u G Bq , J tom^ = l| , 

As = As(to, a, b) = inf |y jVnp; u G A'^ n B'^, S{u) = l| 


2-9 \ p-q 
P-2 


where 

S{u) = y mu^ + (^C~qB{u)A{u)'i 

is defined for u G Aq fl Bq. One may easily check that S is quadratic, i.e. S{tu) 
for t G IR and u G A^ fl B^ . Lastly, we set 

n± := int supp . 


(1.7) 

( 1 . 8 ) 

(1.9) 

( 1 . 10 ) 

t‘^S{u) 

( 1 . 11 ) 


We are now in position to state our main results. To begin with, we state an existence 
result, which provides bifurcation from zero and from infinity at A = 0 in the following sense: 

Definition 1.2. It is said that bifurcation from zero occurs at A = Aq G IR for {P\) if there 
exist nontrivial nonnegative solutions Uj of (Taj) such that Xj -G Aq, and Uj 0 in C(n) 
as j -G 00 . Similarly, it is said that bifurcation from infinity occurs at X = Xoo G IR for 
(Pa) if there exist nontrivial nonnegative solutions uj of (Paj) such that Xj -G Aoo, and 
ll«illc(n) ^ 00 as j ^ 00 . 
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Theorem 1.3. 

(1) If fgQb < 0 then Xb,Xs > 0. If, in addition, 6+^0 then {Px) has a nontrivial 

non-negative solution uo,x for 0 < A < min{A;i, As}, which satisfies uq^x 0 in 

C®(r2) for some 9 G (0,1) as A —5> 0+. Moreover, there exists A„ —>■ O’*' such that 
_ 1 _ 

An '^0 w iJ^(ri)nC®(ri) asn —>■ oo, where wq is a nontrivial non-negative 

solution of 

dw 


— Aw = 0 in n, 


dn 


= b{x)\ 




dn. 


( 1 . 12 ) 


Furthermore, wq > 0 in n, the set {a; G dQ : wq = 0} has no interior points in the 
relative topology of dn, and it is contained in {a; G dn : b{x) <0} if b G C{dn). 

(2) If J^a < 0 then Aq,As > 0. If, in addition, a'*' ^ 0 then (Px) has a nontrivial 

non-negative solution U 2 ,x for 0 < A < min{Aa,As}, which satisfies U 2 .x > 0 in n 

for A > 0 sufficiently small and rninu 2 x ^ oo as A O’*". Moreover, there exists 

n 

1 _ 

An —^ 0+ such that Xfr^U2,Xn Woo in II^(n) fl C®(f2) for some 9 G (0,1) as 
n —>■ oo, where Woo G W'^''^{n), r > N, is a solution of the problem 


inn. ^ = a 
an 


dn. 


—Aw = a{x)w^ ^ 

Furthermore w^o >0 on n. 

Remark 1.4. 


(1) Theorem II.31 states that if 6+ ^ 0 and b < 0 then (Px) has, besides the trivial 
branch {(A, at) = (0, c);c is a positive constant}, the solution uq.x bifurcating from 
zero at A = 0. In a similar way, if a+ ^ 0 and f^a < 0 then (Px) has, besides 
the trivial branch of positive constants, the solution U 2 .x bifurcating from infinity 
at A = 0. Furthermore, the blow up of U 2 .x as A —5> 0+ occurs uniformly on n. 

(2) We shall see in Proposition 15.II that for any x G dn such that b(x) > 0 there holds 
uo.x(x) > 0 if A > 0 is sufficiently small. More precisely, if S C dn is such that 
S C {x G dn : b(x) > 0} then inf ato,A > 0 for A > 0 sufficiently small. 


Our next results provide multiplicity of non-negative solutions and are stated under 
the condition 


m > 0. 


(1.13) 


Since we are considering A G IR, the case f^m < 0 reduces to (11.131) after the change of 
variable A e->■ — A. 

Theorem 1.5. Assume »/n a < 0, and —Ki(m, a) < fg^ b < 0. Then: 

(1) (Px) has a nontrivial non-negative solution ui^x for 0 < X < min{Aa,A&}. Moreover 
ui,x —>■ C 2 in C®(r2) for some 9 G (0, 1) os A ^ 0'*'. 

(2) (Px) has two nontrivial non-negative solutions ui,A) ' 02 ,x for max{Ai,As} < A < 0, 
where Ai = —Ai(—m) and As = —Xs(—m,—a,—b). Furthermore, vi^x —t ci and 
V 2 .X —t C 2 in C^(n) for some 9 G (0, 1) as A — 0“. 
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Under the assumptions of Theorem 1 1.5 1 and stronger regularity conditions on m, a, b, 
we shall obtain, for A > 0 sufficiently small, a positive solution of (Pa) converging to ci as 
A —>■ This will be carried out by a bifurcation argument and, as a consequence, will 
provide at least four nontrivial non-negative solutions of (Pa) for A > 0 small enough. Since 
this argument requires only the existence of zeros of (p and some regularity on m, a, and &, 
we shall assume, in addition to (I1.13p . 

and b € (dH,), for some 0 < a < 1, (1-14) 


and 


a<0 and — Ki{m,a) < / b < 0, 
! Jdn 


where 


and 


Ki{m, a) = Cj 


(fn^) 


v~q 

P-2 


pq 


(- In «) 


2-g 7 
P-2 


(1.15) 


(1.16) 


Cp9 — 


(I) 


2-g N -1 
P-2 


Cpg. 


It is easily seen that Cpq > Cpq, so that Ki{m,a) > Ki{m,a). 

Hereafter, by a classical positive solution of (Pa) we mean u G C^“''®(H) for some 
0 < 0 < 1 which satisfies (Pa) in the classical sense and is strictly positive on H. 


Theorem 1.6. Assume (11.141) . If a changes sign and f^a <0, then, for X > 0 sufficiently 
small, the solution U 2 ^\ obtained in Theorem 11.5*1 is a classical positive solution of (Pa), 
which is moreover unstable. 


Remark 1.7. Since 1 < g < 2, solutions of (11.121) are in C^{Q) with 9 G (0,1), so that the 
boundary point lemma is not applicable, and consequently we can not deduce the positivity 
of Wo on dfl. If this is the case then we can prove a result similar to Theorem 11.61 for uq.a, 
obtained in Theorem ll.31 More precisely, let us assume (11.141) and wq > 0 on Q. If b changes 
sign and b < 0 then, for A > 0 sufficiently small, Mo,a is a classical positive solution of 
(Pa) which is moreover asymptotically stable. We include a sketch of the proof of this result 
in Section [51 

Theorem 1.8. Assume (11.131) . p.l4|) and (|1.15p . Then there exists A > 0 such that: 


(1) ui.A is a classical positive solution of (Pa) which is asymptotically stable for A G 
(0, A). Moreover, (Pa) has a classical positive solution for A G (0, A) which is 
unstable. These solutions are continuous in C^“'"“(r2) with respect to A and emanate 
from (0,C2) and (0,ci) respectively, i.e. uip = C 2 and usp = ci. Finally, there are 
no other classical positive solutions of (Pa) converging to some positive constant in 
C(fl) as A —> 0'*'. 


vi,\,V 2 ,\ ore classical positive solutions of (Pa) for A G (—A, 0), which are asymp¬ 
totically stable, and unstable, respectively. Moreover, these solutions are continuous 
in C^“''“(r2) with respect to A and emanate from (0,ci) and (0,C2) respectively, i.e. 
■ci.o = Cl and V 2.0 = C 2 . Finally, there are no other classical positive solutions of 
(Pa) converging to some positive constant in C(fl) as A —>■ 0“. 

Remark 1.9. Theorem 11.81 states, in particular, that vi^x, V 2 ,x are the extensions of us^x, 
mi_a, respectively, to the region A < 0 (see Figured]). 
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Combining Theorems 11.31 and 11.51 we get a multiplicity result for {P\) with A > 0 
small, which is obtained by variational techniques: 

Corollary 1.10. Under the assumptions of Theorem \1.5\. assume moreover that ^ 0 
and b'^ ^ 0. Then {P\) has three nontrivial non-negative solutions Uj^x, j = 0,1,2, for 
0 < A < min{As, A^, Af,}, which satisfy Uq^x 0 and ui x Ci in C®(n) for some 9 € (0,1) 

and nun M 2 A oo as A —> 0“''. 
n 

From Corollary 11.101 and Theorem 11.81 11. we infer the following multiplicity result, 
which is obtained combining the variational and bifurcation approaches: 

Corollary 1.11. In addition to the assumptions of Theorem \1.5l we assume (11.141) . Assume 
moreover ^ 0. Then (Pa) has at least three classical positive solutions for 0 < A < A, 
namely Uj^x, j = 1)2,3. If, in addition, ^ 0 then (Pa) has a fourth nontrivial non¬ 
negative solution for 0 < A < A, namely, mo,a- 

Remark 1.12. We shall see in Proposition 15.31 that under (I1.13L (11.1411 . and (11.1511 . (Pa) 
has, for |A| sufficiently small, two classical positive solutions Pj,A) j = 1)2, which are con¬ 
tinuous (with respect to A) in C^+“(n) and satisfy Ujp = Cj, j = 1,2. Furthermore, this 
result does not require the condition p <2*. So, under (I1.13|l . (11.1411 and the conditions 

a, b change sign, a < 0, and / & < 0, 

Jq Jdn 

Theorem fOl and Proposition 15.31 provide, according to the value of fg^ b, the following 
result on the number of nontrivial non-negative solutions of (Pa): 


(1) If/ao^ > —Ki(m, a) then (Pa) has at least four nontrivial non-negative solutions 
(two variational nontrivial non-negative solutions, among which one is a classical 
positive solution, and two bifurcating classical positive solutions) for A > 0 suffi¬ 
ciently small. 

(2) If/ao^ < —Ki(rn, a) then (Pa) has at least two (variational) nontrivial non-negative 
solutions, among which one is a classical positive solution, for A > 0 sufficiently 
small. Moreover, if Jg^b < —Ki{m,a) then (Pa) has no classical positive solutions 
converging to a positive constant as A —0+. 


The following condition provides an a priori bound on the values of A for which (Pa) 
has a nontrivial non-negative solution: 


in) 


( There are smooth sub-domains D± (g ft such that 
1 D± C and m changes sign in P+ and in D_. 


Theorem 1.13. Assume that a changes sign and {TL) holds. Then there exists a constant 
A > 0 such that if u is a nontrivial non-negative solution of (Pa) then |A| < A. 


As a particular case of (Pa), we shall consider the problem 


- „ , J —Am = Xm{x){u — |m|p ^m) in ft, 

\ ^ = Xb{x)\u\‘i-^u on dft, 

where A, m, b, p, q are as above. Note that (Qx) corresponds to (Pa) with a = —m. 
The nonlinearity Xm{x){u — |m|^“^m) arises from population genetics and has already been 
studied under homogeneous boundary conditions in [nmiiiT]. 
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Let 


Xr = Xr{m,b) := ini < f |VmP; u G f mu^ = 1, f m\u\^ < 0 < ( 

iJn Jn Jn Jan j 

Xt = Xt(m,b) := inf I f |VmP; u G [ m|u|^ < 0 < f b\u\'^, T{u) = l\, 

[Jn Jn Jan J 


where 


T(u) = / mu^ + - / m\u 


'dQ 


P-2 
2 ii £\ p-q 


is defined for u G such that /f2m|u|P<0< Jg^b\u\'^. Note that A,-= min{Aa(TO), Af,(m)} 

and At = As(m, a, b) with a = —m. 

Finally, let 

f m+ f b. 

Jo, J dQ 

The assumption of Theorem 11.51 reads now 


m> 0 > b > —Cpq / m, 


Ian 


(1.17) 


in which case (j) has two positive zeros Ci < C 2 . 

Applying Theorems 11.31 and 11.51 to (Qa) we obtain the following: 
Theorem 1.14. Assume (11.171) and m changes sign. Then Xr,Xt>0 and: 


(h) {Q\) has two nontrivial non-negative solutions mi,A; U 2 ,x for 0 < A < min{Ai, At}, 

which satisfy ui \ ^ C 2 in C^(fl) for some 6 G (0,1) and nfinM 2 a ^ cxd as A —?> 0+. 

n 

If, in addition, b'^ ^ 0, then (Qx) has a further nontrivial non-negative solution 
uo,x for 0 < X < Xr, which satisfies uo,a 0 in C^(fl) as X —I 0'^. 


(2) (Qx) has two nontrivial non-negative solutions vi^x, V 2 ,x for max{Ai, At} < A < 0, 
where Ai = —Ai(—m) and Xt = —Xt{—m,—b). Furthermore, Vi^\ —>■ Ci and V 2 ,x 
C 2 in C®(n) for some 9 G (0,1) as A —>■ 0“. 


Lastly, we consider the case where 4> has a unique positive zero cq such that ^'(cq) = 0, 
which occurs precisely when 

/ TO>0> / b=—Ki{m,—m), (1-18) 

Jq j dQ 

where Ki is defined in (ll.lfip . Under (|1.14L we obtain a smooth curve of classical positive 
solutions of (Qx) for |A| sufficiently small by a bifurcation argument. 

The following result asserts that if (jl.l8l) holds then (0, cq) is a turning point to the 
right on the smooth curve of positive solutions of (Qa)- 

Theorem 1.15. Assume (|1.14l) . If (Qx) has a classical positive solution u with A ^ 0 such 
that u\ ^ c in ClVl) as X ^ Q, where c is a positive constant, then 4>{c) = 0. Moreover: 

(1) Assume (11.151) with a = —m. Then there exist two arbitrarily smooth maps X i—>• 
Ui,x^U 2 ,x G for X close to 0 such that Ui \, U 2 ^x are classical positive so¬ 

lutions of [Qx) and satisfy Ui^ = ci and U 2 ,o = C 2 . 
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(2) Assume (11.181) . Then there exist two arbitrarily smooth maps t X{t) € ]R and 
t i-A- u{t) € for t dose to cq such that (A,u) = {X{t),u(t)) is a classical 

positive solution of {Q\) with A(co) = A'(co) = 0, A"(co) > 0, and u(t) = t + o(l) 
as t ^ Cq. Moreover, there exists a constant e > 0 such that u(t) is asymptotically 
stable for cq < t < cq + e and unstable for cq — e < t < cq. 

Remark 1.16. 

(1) Theorem 1 1.1 51 holds in fact without the condition p < 2*. 

(2) Assertion (1) in Theorem II. 151 corresponds to Theorem ll.SI for {Qx). 

Remark 1.17. The results on the number of nontrivial non-negative solutions from Remark 
11.121 can be sharpened for {Q\). In this case, Theorems 11.31 and 11.151 provide that, under 
(11.141) . if m and b change sign, and f^m > 0 > b, then (Qx) has: 

(1) at least four nontrivial non-negative solutions (two variational nontrivial non-negative 
solutions, among which one is a classical positive solution, and two bifurcating clas¬ 
sical positive solutions) for A > 0 sufficiently small if b > —Ki{m, —to). 

(2) at least two (variational) nontrivial non-negative solutions, among which one is 
a classical positive solution, for A > 0 sufficiently small and no classical positive 
solutions converging to a positive constant as A 0’*' if b < —Ki{m, —to). 

1.1. Suggested bifurcation diagrams. 

In view of the results stated above, we analyze now the possible bifurcations diagrams 
of (Pa) and {Qx)- This will be done assuming that a changes sign and {%) holds, in which 
case Theorem 11.131 ensures that (Pa) has no nontrivial non-negative solution for |A| > A. 

(1) Assume (I1.13p . a and b change sign, and f^a < 0. If —Ki{m, a) < fg^ b < 0 then, 
by Theorems 11.31 11.51 and 11.81 the bifurcation diagram for (Pa) is suggested by 
Figure[TJ Moreover, Remark ll. 121 suggests that this bifurcation diagram approaches 
the one shown in Figure [5] as fg^ b —?> —oo. Indeed, note that the value A provided 
by Theorem II. 131 does not depend on b. Furthermore, it can be shown that Xb and 
As stay bounded away from zero if b'^ is bounded from above (cf. Remark 13.5p . 
By a formal observation, the nonlinear boundary condition in (Pa) approaches the 
Dirichlet boundary condition rt = 0 as fg^ b —>■ —oo. So, after the change of variable 
V = Xp^u for M > 0, the limiting problem for (Pa) when fg^ b —>■ —oo would be 

—Av = Xm(x)v + a{x)v^~^ in 11, w = 0 on 

This problem has been investigated by Ouyang [22] in the case to = 1 and the ex¬ 
istence of a single turning point in the positive solutions set has been proved under 
some conditions on a. We expect then that the bifurcation diagram of (Pa) has a 
unique turning point if fg^ 6^0. 

(2) Assume (I1.13|l . 6 < 0, a changes sign, and f^a < 0. 

(a) If —Ki{m,a) < fg^b < 0 then the bifurcation diagram for (Pa) in the case 
6 < 0 is suggested by Figure |3| This is motivated by Theorems II. 3111.51 and ll.81 
and the fact that mo,a approaches zero as 5+ converges to zero. More precisely, 
in Proposition IHiH we prove that if —)> 6 in L°^(dfl) with 6+^0 for every n, 

then there exists Aq > 0 such that the solution uo,A,fc„ exists for every n, and 
satisfies Mo.A.fen ^ 0 C®(n) for some 0 S (0,1) and 0 < A < Aq. Note that in 
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[24] we have obtained bifurcation from zero in the case 6 < 0 and 6^0 when 
a < 0. 

(b) In a similar way, if —Ki(m, a) — e < fg^ b < —Ki{m, a) with e > 0 sufficiently 
small then the bifurcation diagram for {Px) would be suggested by Figure Sj 
Lastly, as fg^b —oo, the bifurcation diagram for (Px) is expected to ap¬ 
proach Figure m 

(3) Assume that m and b change sign, and f^m > 0 > fg^b = —Ki{m,—m). By 
Bemark ri.171 the bifurcation diagram of {Qx) is suggested by Figure Ej 

Remark 1.18. From the biological viewpoint, the bifurcation diagram suggested in Figure 
|T] would provide three possible conditional states for the population as the diffusion rate 
grows to infinity, namely: extinction, explosion and persistence with a spatially uniform 
distribution. 


u 



Figure 1. Suggested bifurcation diagram for {Px) when a and b change 
sign, J^m > 0 > f^a, and 0 > fg^ b > —Ki{m, a). 



Figure 2. Suggested bifurcation diagram for {Px) when a and b change 
sign, ^ TO > 0 > 4 a, and fg^ b -oo. 
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U 


co = (A(0),u(0)) 



A 


O 


A 


Figure 6. Suggested bifurcation diagram for (Qx) when m and b change 
sign and f^m > 0 > b = —Ki(rn, —m). 

The rest of this article is organized as follows: in Section[2]we collect some preliminary 
results on Aa, Ah, As and A/a, the Nehari manifold associated to (Pa)- In Section[31 we obtain 
two minimizers for I\ (the energy functional associated to (Pa)) constrained to N\. These 
minimizers are located in A/))" and correspond to local minimizers of Ix. In Section 31 we 
obtain a further minimizer of Ix constrained to , which corresponds to a minimax critical 
point of Ix- Finally, in Section [5l we carry out a bifurcation analysis of (Pa) and prove the 
theorems stated above. 


2. Preliminaries 


Solutions of (Pa) shall be obtained as critical points of the functional 


h{u) = \ex{u) - -A{u) - -B{u), 
2 p q 


defined on iJ^(n). It is straightforward that Ix is weakly lower semicontinuous for any 
A G H. In contrast with the case a < 0, for any value of A the functional Ix is not coercive. 
Consequently we shall restrict Ix to its associated Nehari manifold, which is given by 


Mx = {u€H\n)\{oy, {ii{u),u) = o} 


= {ue nyn) \ {O}; Ex{u) = A [A{u) + B{u)]} . 


A/a is naturally split into and A/J, given by 


= {u€j\fx-, {Jxiu),u) ^0} and A/"^ = {u G A/'a; (Jj^('u), u) = 0} , 
where Ja(u) = (/^(u),u) for u G P^(n). Thus 



and 



It is well-known that A/a \ Afx is a manifold defined by a natural constraint, i.e. 
any critical point of the restriction of Ix to A/a \ A/"® is a critical point of Ix (see for instance 
[TTl Theorem 2.3]). Given u G \ {0}, we set 


ju{t) = Ix{tu), t>0. 
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Then tu £ if, and only if, = 0 and ^ 0. We shall use the map ju to deduce 
some properties of N\. Note that j«(t) = where 


Ut) = - -tP-'^Aiu) - -Biu) 

2 p q 


( 2 . 1 ) 


for t > 0. 


Remark 2.1. It is easily seen that c is a positive zero of (p if and only if c £ A/a, for any 
A £ IR. Additionally, if p'{c) ^ 0 then c £ ^^ore precisely: 

(1) If f^m > 0 > f^a and —Ki{m, a) < b < 0 then a £ Af^ and C 2 £ A/^. 

(2) If f^m <0 < f^a and 0 < fg^ h < Ki{—m, —a) then Ci £ Af^ and C 2 £ Af^. 

(3) If Xa>0> fg^b then cq £ Af^. 

(4) If /n a < 0 < /an ^ then cq £ W+. 

The role of As in the study of A/a becomes clear in the next result: 

Proposition 2.2. If either f^a < 0 or fg^ b < 0 or 

/ m<0< / a and 0< / b<Ki{—m,—a). (2-2) 

Jq Jq J 

then As, given by CH), is achieved. In particular, As > 0. Furthermore, if X € (0, As) then 
for every u £ B'^ fl fl A+ there are 0 < ti < t 2 such that tiu £ Af^ and t 2 U £ Afff, and 
there is no other t > 0 such that tu £ Afx . 


Proof. Let (u„) be a minimizing sequence for As, i.e. 

A{un) > 0, B{un) > 0, S{un) = 1 and [ - 

Jn 

If (un) is unbounded then we set We may assume that 

Vn ^ Vo, A{vn) ^ A{vo), and B{vn) ^ B{vo). 

Thus 

A(vo)>0, B{vo)>0, S{vo)=0, and / - 

Jn 

Hence vq is a nonzero constant, so that 


As. 


0 . 


a > 0, 


& > 0 and 


m - 


a 


I an 


-1 

pq 


'an 


2-q ' 

p-2 


P~2 

p-q 


= 0 , 


which contradicts our assumption. Thus (it„) is bounded and we may assume that ^ uq. 
If As = 0 then ug is a nonzero constant, and from A{uo) > 0, B{uo) > 0 and S{uo) = 1 we 
get 


a > 0, 


& > 0 and 


a 


pq 


P-2 

P-1 

P — 2 \ 


> 0 , 


JQ J dQ JQ y \J dQ / \JQ 

which contradicts again our assumption. Therefore As = |VuoP > 0. 

Now, let A £ (0, As) and u £ A+ n B^ n E'^ . Then has two critical points if 
ju(t) > 0 for some t > 0. In this case, ju has a local minimum and a global maximum, i.e. 
there are ti < t 2 such that tiu £ A/"/ and t 2 U £ fffj. Note that ju{t) > 0 if and only if 
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iu{t) > 0, where is given by (|2.1I1 . One may easily check that has a global maximum 
point given by 

'p{2-q) Ex{u)\^ 


We have 


V2(p-<7) AA(m)^ 

E\ (u) 

iu{to{uj) > 0 44> XB{u) < Cpq - — 

{XA{u)) 


B{u) < Cp 


(A ' 


p~q 

p-2 


2-q 

A{u) p -2 


<t4> 


Ex{u) - X (^Cpq^B{u)A{u) 

[ |Vwp - AS'(m) > 0, 

Jn 


2-q 

p-2 


> 0 


(2.3) 


where S{u) is defined in (11.101) . Since 

A < As = inf |y |Vup; u G Aq D Bq , S{u) = l| , 

we get the existence of ti < t 2 - Finally, from the expression of ju it is easily seen that ju 
can not have more than two critical points. □ 


We shall get now some kind of local coercivity for Ex- More precisely, we shall prove 
that Ex is coercive on A^ (respect. B^) for A < Ao (respect. A < Ab). To this end, we deal 
with the maps ai, Pi : IR i-A IR given by 


ai(A) = inf{F;A(n); u G Ag , ||m||2 = 1}, (2.4) 

Pi{X) = ini{Exiu); u G B^, ||u ||2 = 1}. (2.5) 

Note that if ai(A) > 0 (respect. /3i(A) > 0) then A^ \ {0} C E^ (respect Bq \ {0} C 

E'^). From [^, we have the following results: 

Proposition 2.3. 

(1) ai and Pi are concave (and therefore continuous). 

(2) Xb > 0 if and only if either J^m < 0 or b < 0. In this case, At, is achieved and: 

(a) Pi{X) >0 if X G (0, Ab). Moreover, if Jg^b < 0 then /3i(0) > 0. 

(b) Xb = max{A > 0; Pi{X) > 0}. 

(3) Assume J^m < 0. Then Xb > Xi(m) if and only if b(pf < 0. 

(4) Xa > 0 if and only if either J^m < 0 or f^a < 0. In this case, Xa is achieved and: 

(a) ai(A) >0 if X G (0, Ao). Moreover, if J^a <0 then Q!i(0) > 0. 

(b) Xa = max{A > 0; ai(A) > 0}. 

(5) Assume < 0. Then Xa > Ai(m) if and only if J^api < 0. 

Proposition 2.4. Assume b < 0. Then for every A* G (0, Xb) there exist two constants 
C'o = Co{m, b), Do = Do{m, b) > 0 such that: 

(1) Ex{u) > Collull^ for every X G (0,A*) and u G B'^. 

(2) B{u) < —iAo||u||'^ for every X G (0, A*) and u G Efg. 
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The proof of Proposition 12.41 can be easily adapted to obtain a similar result on a: 

Proposition 2.5. Assume f^a < 0. Then for every A* G (0,Aa) there exist two constants 
Co = Co{m,a), Do = Do{m,a) > 0 such that: 

(1) E\{u) > CqIImIP for every A G (0, A*) and u G . 

(2) A{u) < —Do||up for every A G (0, A*) and u G 


Propositions 12.41 and 12.51 provide some kind of uniform coercivity (with respect to A) 
to E\ on Aq and , respectively. In case Ai(to) > 0, we have the following: 

Proposition 2.6. Assume f^m < 0. 

(1) Given any fj, < Xi{m) there exists a constant > 0 such that E\{u) > AC^||m|P 
for every u G H^{Vl) and every A G (0,/r). 

(2) 7/0 < A < Af, then there exists C\ > 0 such that E\{u) > CaUmP for every u G . 

(3) 7/0 < A < Aa then there exists Cx > 0 such that Ex{u) > CaHmIP for every u G A({". 


Proof. 

(1) Assume by contradiction that there exist ^ < Ai(to) and two sequences (A^) C (0, /i) 
and {vn) C such that 

ExAVn) < —Iknf. 

n 

Setting Wn = may assume that Wn wo in 77^(72) and A„ —>■ A* G [0, /x]. 

Hence Ex,{wo) < limsupifA„(rCn) <0. If A* > 0 then wo = 0 and w„ —>■ 0, which 
is impossible. If A* = 0 then wo is a constant. From 

\ f 2 , 

-An / mWn < - 

Jn n 

we get /q nxiCo > 0, which contradicts f^m < 0. 


(2) Assume that (m„) C Bq is such that 


Then Vn 


Ex{Un) < 



n 

is such that, up to a subsequence, Vn 


vo in 77^(72), H(u„) 


B{vo), and Ex(vn) < Then B{vo) > 0 and Ex{vo) < 0. Finally, vo ^ 0, since 
otherwise we would have —>■ 0, which is impossible. Therefore we get /3i(A) < 0, 
which contradicts X < Xb- 


(3) The proof is similar to the previous one, so we omit it. 

□ 


3. Minimization in 


3.1. Minimization in Af^ fl B'^. 


We set 


A = 


min{As, Ai} 
min{As, Ah} 


if (12.21) holds, 

if /an ^ < 0 or ^ m < 0 and f^a<0. 


(3.1) 
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Remark 3.1. Note that if 0 < A < A then either 0 < A < Ai or 0 < A < A;,, so that 
B+\{0}CE+. 

Let us first prove that H B'^ is non-empty and bounded for 0 < A < A: 

Proposition 3.2. Assume 6+^0 and either b < 0 or (12.21) or f^m < 0 and f^a < 0. 
Then fl R+ ^ 0 for every A e (0, A). Moreover: 

(1) If (12.21) holds then for every fi < X there exists a constant K = > 0 such that 

1 

||u|| < 1^116+11^’ for every u G Af^ and every 0 < A < /r. 

(2) If Jg^b < 0 then for every /r < A there exists a constant K = > 0 such that 

1 

||w|| < K (A||6+||oo) for every u £ Af^ (A Rq and every 0 < X < fj,. 

(3) ///q o < 0 and f^m < 0 then for every A < A there exists a constant K\ such that 

||u|| < KxWb'^W^'’ for every u G H B^. 

Proof. First of all, note that since 6+ ^ 0 we have R'*' ^ 0. Moreover, from Remark 13.11 
if It G B'^ then u G R+. If M G Aq then ju has a global minimum point t > 0 such that 
tu G Nx n R+. On the other hand, if u G A+ then, by Proposition 12.21 there exists t > 0 
such that tu G Afx O R+, so that Afx O B^ ^ 0. 


(1) If p.2p holds then, given 0 < /i < A and u G Af^ with 0 < A < p-, we may apply 
Proposition 12.61 Thus, for some C^, R > 0, we have 


ACJIulP < Ex{u) < X^^B{u) < AR||6+||oo||wr, 

p-2 


and consequently 


w|| < 




(2) < 0 then, given 0 < p < A and u G Af^ with 0 < A < p, we apply now 

Proposition 12.41 so that Ex{u) > Colkll^ for every A G (0,p) and u G B^. Thus, 
for u G Af^ (~l Bq we have 


Oolluf < Ex{u) < X^-^B{u) < AR||6+||oo||wr, 

p-2 


and consequently 


M < 


/AR||5+||oo 
V Co 


1 

2-q 


(3) If f^a < 0 and f^m < 0 then, by Proposition 12.61 for every X < Xt there exists a 
constant Cx > 0 such that Ex{u) > CaHuIP for u G B^ . Thus, if u G Af^ (~l Rq" 
then, for some D > 0 there holds 


Cx\\uf < Ex{u) < X^B{u) < AR||&+|U||ur, 

p-2 


and consequently 


w|| < 


/AR||6+||oo 

I C'a 


1 

2-q 
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□ 

Remark 3.3. From the proof of Proposition 13.21 (1), we may see that if f^m < 0 then 
for every ^ < Ai there exists a constant K = > 0 such that ||m|| < iF||6+||oo for every 

u G and every 0 < A < /i, i.e. is uniformly bounded for 0 < A < if < Ai. 

Lemma 3.4. Let b,b G L°°(9n) with b <b. Then Af, > A^ and \s{h) > \s(b). 

Proof. Let B{u) = ^Q^b\u\'^ and B{u) = Jg^b\u\‘^ for u G Then B{u) < B{u) for 

every u G so that Bq C Bq . It follows that Af, > A^. Let us set 

Sbiu) = / mu^ + (c~gB{u)A{u)^'^’’ ’ (3.2) 

J 

and 

Si{u) = ( mu^ + (c-g^B{u)A{u)^^ . (3.3) 

J 

Then Sb{u) < Si^{u) for every u G H^{Ll). Note that we can write 

A,(b)=inf| -^^j^^'' ; uGA+nB+, ,5(ii) > o| , 

From this formula, it follows that As (6) > As (6). □ 

Remark 3.5. From Lemma \3.4\ it follows that if bn b in L°°{dLl) with 6+^0 and 
Jdfib < 0 then X(bn) is bounded away from zero. Indeed, we can fix b € L°°(dLl) such 
that ^ 0, b < 0 and bn < b for n suffciently large. Hence Af,^ > Aj, > 0 and 

Xs(bn) > Xs(b) > 0 for n suffciently large. 

Proposition 3.6. Assume 6+^0 and either b < 0 or (12.21) or f^m < 0 and f^a < 0. 

Then inf I\ is achieved by some uq \ > 0 for 0 < A < A. Moreover: 

A7+nB+ 

(1) If fg^ b < 0 then uo,\ —>■ 0 m C®(n) for some 9 G (0,1) as A —?> 0+. 

(2) If f^m < 0 < fg^b and J^a < 0 then uo,x —)• cq in C®(fl) for some 6 G (0,1) as 

A-J>0+. _ 

(3) If (12.2(1 holds then uo,x —>■ ci in C^{Q) for some 9 G (0,1) as A —?> O'*'. 

Proof. Let 0 < A < A. By Proposition 13.21 we know that Af^ D B'^ is non-empty and 

bounded. We pick up a sequence (u„) C Af^ (~l 5+ such that 

Ixiun) inf lx- 

A7+nB+ 

Since (u„) is bounded, we may assume that 

Un uo in H^{Ll) and B{un) —>■ Biuf). 

From the shape of j„ it is clear that inf Ix < 0. Thus Ix{uo) < 0, so that uq ^ 0. Since 

A7+nB+ 

Ex{Un) < X- - '^B{Un) 

p-2 

and Uq G Bq we get 

0 < Ex{uo) < X- — '^B{uo), 

p-2 
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i.e. uo G 5+. From A < As we deduce the existence of > 0 such that tmo G H 
We claim that —>■ mq. Indeed, if uo then 

j«(f) < hminf 

for fc = 0,1, 2 and every t > 0. In particular, there holds 

0 = < ju„(^i) 

for n sufficiently large. Thus ti > 1, since is decreasing in (0,1). Now, since jug is 
decreasing in ( 0 ,ti) we get 


/A(iiuo) = j«o(^i) < i«o(l) < = liin^A(Mn) = inf /a, 

Ar+nB+ 

which is a contradiction, since tiuo G fl B'^. Therefore Un —t uq and ti(uo) = 1, so 

Ix{uo) = inf I\. 

xr+nB+ 


We denote uq by mq.a- 


(1) If b < 0 then, by Prop. 13.21 

Iko.All < (A|| 5 +||oo)^if ^0 

as A ^ 0+. 


( 2 ) If /n w < 0 < & and f^a < 0, let A„ —> 0+ and Un = uo,a„- By Remark 13.31 

{un) is bounded and we may assume that Un uq in From 

~ i-A-i^Un) B[Un)) 

we infer that |Vit„p —>■ 0, so Un —t uo and uq is a constant. Since f^m < 0 < 
b and a < 0, Juq has a unique critical point, which is a global minimum point. 
Thus there is an unique constant c in Af'^. By Remark 12.11 we infer that c = cq, 
where cq is the unique zero of (/?. In particular, cq G Af^^ r\ B'^ for every n. Then 

Ixniun) < hr,{co) < 0, 


and consequently 


4 / rnul --A{un) - < -y / m - ^ 

2 7a P q 2 7n p , 


/ a--2 / 6<0. 

In q Jan 

It follows that Un 74 0, i.e. Uq is a positive constant. Finally, since solves (Px) 
for A = A„, we have 


0 = / (yUnVuo - Xn-mUnUo) “ A„ / a< -\n bu^ 

Jn Ja Jan 

= A„ - / mUnUo - / auP~^Uo - / bul~^Uo ^ 

I Jn Jn Jan J 


so, letting n —>■ 00 , we get 

Uq~'^ f m + Uq~'^ f a+ f 

Jq Jq J d 

i.e. lAo = Cq. 


a + I b — 0, 
an 


(3) If (12.21) holds then we can proceed as in the previous item to deduce that —>■ c, 

where c is a constant. Now, by Remark 12.11 we infer that c = ci. 
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□ 

Remark 3.7. Let ^ 6 in with 5+^0 for every n, 6 ^ 0 and b < 0. Then, 

from [23l Remark 2.5], we have Af,„ —>■ Ab > 0. Moreover, since —>■ & in we 

have bn < 0 for n sufficiently large and 6+ —?> 0 in L°°{dil). So we can fix 5 G 
such that Jg^b < 0, 6+ ^ 0, and bn < b for n sufficiently large. By Remark 1331 we have 
As(&ra) > As(&) > 0. So A(6„) > min{As(6), A^} and mo,a, 6„ exists for 0 < A < min{As(6), Aj} 

and every n. Moreover, from the proof of Proposition 13.61 for some Kx > 0 we have 

1 _ 

11^0,A,b„II < iLAll^^ll^’, and consequently uo,A,h„ —>■ 0 in C^(fi) for some 0 € (0,1) and 
0 < A < min{As(6), X^}. 

Lemma 3.8. Assume fe'*' ^ 0 and fg^ b < 0. Then, for 0 < A < A, there holds 

I\{uo.\) < -DoX^ + o{X^), (3.4) 

for some Dq > 0. 


Proof. Recall that for 0 < A < Af, we have B'^ C . Then there exists Co > 0 such that 
0 < Ex{u) < Co||u|p for u G B~^ and 0 < A < Ab. 

Let u G B~^ n Aq . Then 

I\{u) < 2^a(m) - ■= ^ll^ll^ “ ^B{u). 

Thus I\{tu) < Ix{tu) for every t > 0. Note that I\{tu) has a global minimum point given 
by 

/ XB{u) \ ^ 

V^RP 


ffi — 


and 


h{tou) = B{u) 

2q 


B{u) 

ColliilP 


= —DaX^-i , 


where Dq = ^^B{u) ^ . It follows that if I\{tu) has a local minimum at C then 

/a (Cm) < -DqX^ 

with Dq > 0 

Let now u G B^ fl A~. Then 

I\{u) < ix{u) := ^||Mf - -B(u) - -A(u) 

2 q p 

and Ix(tu) has a global minimum point to which satisfies 


Thus 
so that 

Hence 


toCo||M|p — Atg ^i?(M) — Atg ^H(m) = 0. 


toCo\\u\\^-Xtr^B{u)<0, 


to < 


/ XB{u) 

V^RP 


Ixifou) < -DqX^-i - A 2- 


2 p-q + 2 / B{u) \ 2-9 


CnIlMlP 


H(m) =-C0A2-9 + CiA 2-9 , 
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where Dq is as above and Di = — j ^ Once again, if I\{tu) has a local 

minimum at ti then 

2 P ~ g + 2 

I\{tiu) < -DqX^ +DiX^^. 

Therefore we conclude that 

inf Ix < —DqX^^ +o{X^^) 

7V+nB+ 

for 0 < A < A. □ 

Proposition 3.9. Assume 6+^0 and fg^^b < 0. If Xn — t 0+ then, up to a subsequence, 

1 

there holds iuo,x„ = An^“''Mo,A„ —t wo in H^{Vl), where wq is a nontrivial non-negative 
solution of 

— Aw = 0 in n, = b{x)w‘^~^ on dit. (3.5) 

an 


Proof. Let = wo,x„ = An ^ ’ mo,a„ ■ Since 

IIuo.aII < {X\\b+\\^)^-K 

it follows that (wn) is bounded in Thus, up to a subsequence, Wn wq in 

Furthermore, from Lemma 13.81 we have 

I\n{'^0,Xn) < —Do^n ® + +o(An ’), 


with Dq > 0. Hence 
2 

\ ^“5 
An 




mw'i — 


q 


-B{w„) - 


2+P-g 

\ 

An 

p 


A{Wn) < —DqXu ’ + +o(An "* ). 


Dividing the above inequality by An ® and letting n —>■ oo we get 

1 [ IVtcoP - -Biwo) < -Do < 0, 

2 Jn q 

so Wo ^ 0. Taking v = Wn — wq in 

VwnVv — Xnm(x)wnV — Xn~‘‘a(x)w^~^vj — f b{x)wf^^V = Q Vt! e (3.6) 

/ JdQ. 

and letting n —>■ c» we get lim VwnV(wn — wg) = 0, so that Wn —> wg in Il^(fl). Finally, 
(13.6p also shows that wg is a solution of (13.51) . □ 


3.2. Minimization in Af^ D . 


Proposition 3.10. Assume Xa,Xb > 0 and J\f^ D ^ 0. If inf Ix < 0 and 0 < A < 

M+nE- 

min{AQ,A{,} then inf Ix is achieved. 


Proof. First of all, from 0 < A < min{Aa, Ah} we have E^ C A n B and by Proposition 
12.51 taking A < A* < min{Aa, Ah) we get a constant Dq > 0 such that 

A{u) < -Dollar 


ii u G E^ . Thus, from 


XA{u) = Ex{u) — XB{u) 









POSITIVE STEADY STATES OF AN INDEFINITE EQUATION 


21 


we get 

ADoIImF < -AA(m) < -E\{u) < AC'||to||oo||u|| 
for some C > 0, and consequently there exists K > 0 such that 

||u|| < Kp^ 

if M € n . Let now (u„) C fl E^ be such that 


-^A ('Hn ) 


inf Ix. 


(3.7) 


Since (u„) is bounded, we may assume that Un uq in H^(fl). In particular, we have 

E\{uq) < 0 and Ix{uo) < inf Ix < 0, so that ug ^ 0. Since A < min{Aa,Ah}, we have 

TV+nu- 

E^g \ {0} C {A~ n B~) U {0}, so ug G A~ n B~. Moreover, from 

0 > Ix(ug) = ^Ex(ug) - -A(uo) - -B{ug), 

2 p q 

we infer that Ex{ug) < 0, i.e. ug G E^ . Now, as juoi^) = I\{ug) < 0, we see, from the 
shape of jug, that there exists t2 > 0 such that t2Ug G Afx , i.e. t2 is a global minimum 
point of jug ■ If Un 7 ^ Ug then 

jugih) < i«o(l) < liminf = lim/A(u„) = inf Ix, 

M+nE- 


which is a contradiction. Therefore Un —t ug and consequently t 2 {ug) = 1. 
Nx n E^ and 

I\{ug) = inf Ix- 
Jl+nE- 


Thus Ug G 


□ 


Proposition 3.11. Mx f^Ey^ and inf Ix < 0 in the following cases: 

Af+nE- 

(1) m > 0 > Jq a, 0 > b > —Ki{m, a) and A > 0. 

p-2 

(2) f^m < 0, bipf < 0, — ^ ^ /a ^ A > A*, where 

(3.8) 



Proof. Let u G B~ DEf^ r\A~. It is clear that if ju(t) < 0 for some t > 0 then has a local 
maximum followed by a global minimum, i.e. there are ti < t 2 such that tiu G Mx H Ef^ 
and t 2 U G Mx Moreover, in this case we have ju{t 2 ) < 0, so that inf Ix < 0. Note 

that ju{t) < 0 if and only if iu{t) < 0. Now tg{u) given by (|2.3I) is a global minimum point 
of and 


iu{tg{u)) <0 


<S4. 


A(-i3(n)) < c j 

{-XA{u))p~^ 


i-B{u)) < Cp 


( —7l(u)) 


Ex(u)+A(-C-/B(u)}’^-^ (-A(u))l^ < 0 . 
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Note that if 


m > 0 > a, 0> / —Ki{m,a) and A > 0 

J Q J Q, J dCl 


then c G B r\E^ A for any constant c. Moreover, 

Ex{c)+\{-C~qB{c))^ {-A{c))^ =\c^l^- J^m+ 

so that jc(to(c)) < 0 for A > 0. 

On the other hand, if 


2-g ' 

p-q 


TO < 0, 


bifil < 0 , - 




pq 


P-2 

2-q 


in JdQ \-Ian^‘fii 

then ifi € B~ 0 E^ 0 A~. Furthermore 

F;a(^i)+A = Ai-A 

so that jipi{to{(pi)) < 0 for A > A*. 


< / a(fi < 0, and A > Ai, 

Jn 


1 - - 


a 


pq J on 


bifil 


P-2 

p-q 


P 


2-q 

p — q 


□ 


Corollary 3.12. inf I\ is achieved by some ui \ >0 in the following cases: 

At+nu- 

(1) > 0 > J^a, 0 > b > —Ki{m, a) and 0 < A < min{Aa, Ab}. 

p-2 

(2) J^m <0, <0, - < 0 and A* < A < min{Aa,Ab}. 

Remark 3.13. Let us show that the condition A* < min{Aa, Ab} assumed in Corollary 13.121 
(2) may indeed hold when f^m < 0. To this end, let oq £ L°°(0) and b G L°°(90) be such 
that f^agipf < 0 and JgQbipf < 0. Then Aao > Ai and Ab > Ai. Let us set = eag for 
e > 0. As one can easily see from the definition of A^, we have A^,, = Aq^ for every e > 0. 
Furthermore, from (13.81) . we see that A*(TO,ae,6) —>■ Ai as e —>■ 0. Thus, for some eo > 0 
there holds A* (to, Ug, b) < minjAa^, Ab}. The same argument applies if we consider b^ = ebg, 
where bg £ L°°{diV) is such that Jg^bgipf < 0. Therefore X*{m,ai;,be) < min{Aa,Ab} if 
0 < e < Eo, for some eo- 

Proposition 3.14. If J^m > 0 > f^a and 0 > /qq ^ > —Ki{m,a) then ui^\ —)• C 2 in 
C®(n) for some 9 £ (0,1) as A —>■ O'*’. 


Proof. Let A„ O'*' and From (1X71) we infer that (m„) is bounded. So, up to a 

subsequence, we have ^ ug in From 


0 > liminf> / |VmoP 

Jn 

we get Un —>■ Ug in and ug is a non-negative constant. If uq = 0 then we set v„ 

and assume that v„ vg in Since £ Ef^^ we have 


[ |V7;o|^ < lim inf i?A„ (?;„,) < 0 
Jn 

ve constant. Moreover, from 

1 / mu^ - -A{Un) - -B{Un)] < 0 

V 2 P Q J 


so Vn —>■ Vg and Vg is a positive constant. Moreover, from 
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we get 

-BM > / mvl - hunF-^AM. 

9 ^ Jn P 

Thus B{vo) > 0, which combined with Vn € B~ provides vq G Bq and contradicts b < 0. 
Therefore uq F Oi i-6- is a positive constant. Since ^ mq and Un is a solution of {P\„) 
we have 


0 = / (Vm„Vmo - XnmUnUo) - A„ / auP ^uq - A„ / bu^ ^uq 

Jq jo j oo 

= An < - / mUnUo - / - / buF^uo > 

I Jn Jn JdQ J 

so 

f m + /“■*"/ ^ = 0, 

JO JO J 30 

i.e. uo is a positive zero of (p. Finally, from Un G , we get 


In particular, we have 


so, from Un uq we get 


E\„(un) < K- — \B{un). 

p-2 


An / ^^n ^ r^B{Un\ 

Jn P - 2 

2-9 . P-q logb 


> 


P - 2 (- /^ m) ■ 


Since uq is a positive zero oft/?, we get 


Wo > - 


2-Q In m 

p-q In^ 


so that, by (11.61) . uq = C 2 . 


□ 


4. Minimization in 

Proposition 4.1. Assume a’*' ^ 0 and either f^a < 0 or (12.21) . Then Af^ D A+ F 0 
eweri/ 0 < A < min{Aa,A,j}. Moreover, for 0 < A < min{Aa, As}, there holds: 

(1) Afff n A+ is bounded away from zero, i.e. there exists K\ > 0 such that ||u|| > K\ 
for u G Afff n A~^. 

(2) If (un) C Aff n A~^ is a sequence such that {I\{un)) is bounded from above then 
(un) is bounded. 

(3) inf /a > 0. 

nA+ 

Proof. First of all, note that since a’*' ^ 0 we have A+ F 0- w G A^. If u G B~ then ju 
has a global maximum point ti > 0, so tiu G A/}~- The same conclusion holds if u G B^ 
since A < Aa provides u G E'l, whereas 0 < A < As yields that ju has a global maximum 
point, by Proposition 12.21 Therefore Afjj D F 0- 

(1) Let us assume first f^a < 0. Given 0 < X < fj, < Xa and u G Afjj D A~^, we apply 
Proposition 12.51 Then, for some Co, lA > 0, we have 

CollwlP < EFu) < X^Aiu) < AZA||a+|UI|wr, 

2-9 


(4.1) 
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and consequently 


Co 


"""" 

Now, if (IQ) holds then, since A < Aq, there is a constant Ca > 0 such that 
E\{u) > CaIIuIP for every u G A+. Thus 


CaIImIP < Ex{u) < \^A{u) < XD\\a+\ 
2-q 


OO II '-‘'II 5 


and consequently 


if u G n A+. 


ImII > 


Cx 


AD||a^ 


(2) Note that 

^a(m) = ^^-^Ex{u) - X- — -B{u) 

2p pq 

if u G Afx ■ Hence, as A < Aa, if in addition u G then 
Ixiu)>Cx\\u\\^-XD\\ur, 

for some constants Cx,D > 0. From the above inequality we deduce that if 
{un) C is such that (/a(u„)) is bounded from above then (it„) is bounded. 


(3) If w G then 

Ix{u) = ^-^Ex{u) - X- — -B{u). (4.3) 

2p qp 

If, in addition, u G H+ then Ex{u) > CaUmP for some constant Ca > 0, since 
A < Aa. Thus, if M G fl n B^ then 

Ix{u)>Dx\\u\\‘^>Dx>0, 

where we used (1). Now, if (u„) C H fl then, from A < As, we have 

^xiAn) ~ Juri (^) — Jlin (^o(^n)) ^ 0- 

If, in addition Ix{un) 0 then (to(wn)) —t 0, and consequently either to{un) 0 
or iu^{to{un)) —t 0. In the first case, we get Ex{un) 0, so that ^ 0 in 
which contradicts (1). Now, if iun(.io{un)) 0 then 

-AH(u„) + ^ o+. 

(AH(m„))p-= 

Since (m„) is bounded, we may assume that 
Un uq in H(ito) = limH(ua) > 0 and B{uo) = limH(u„). 

One may easily see that if either B{uo) = 0 or H(mo) = 0 then Ex(un) —t 0 and we 
infer again that —>■ 0 in which contradicts (1). Thus uq G 0 5+ nE^. 

From A < As we have 

0 < iuo{to{uo)) < limi„„(to(wn)), 

which is a contradiction. Therefore we can’t have Ix{un) —t 0, so inf /a > 0. 

AT nA+ 

□ 


Remark 4.2. 
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(1) If (12.21) holds and A < Ai then the conclusions of Proposition 14.11 remain valid. 
Indeed, in this case, for every A < Ai there exists a constant Ca > 0 such that 
E\{u) > CaIIuIP for every u € 

(2) If/^a < 0 then (I4.2|l shows that D A~^ is uniformly bounded away from zero 
for A € (0,/i), with /i < Xa- Furthermore, the statement in (2) can be strengthened 
as follows: if (A„) C (0,/r) and (un) C (A A+ are such that I\^(u„) is bounded 
then (un) is bounded. As a matter of fact, in this case we have 

I\n{Un) > Collu^lP - flDWUnW^ 
for some constants Co, D > 0. 

Proposition 4.3. Assume ^ 0. If either (12.21) or f^a < 0 holds then inf I\ is 

nA+ 

achieved by some U 2 ,\ > 0 for 0 < A < min{As, Aq}. Moreover, if (12.21) holds then M 2 ,a —>• C 2 
in C^{Vt) for some 0 G (0,1) as A —0+. 


Proof. Let 0 < A < min{As, Aa} and («„) C Af^ (A A+ be such that 

hiun) -)■ inf lx- 
nA+ 

By Proposition 14.11 we know that (m„) is bounded, so we may assume that Un uq in 
and uq G Aq . From 


X- - \B{Un) < Ex(Un) < A^- -A{Un) 

p-2 2-q 


(4.4) 


we have 


Ex{uo) < liminf ii(A(Mn) < limsupi?A(Mn) < A 



A{uo). 


If Uq = 0 then the above inequalities provide Ex(un) -A- Ex{uo), so —>■ uq = 0. This is 
impossible by Proposition l4.ll ill. Hence Uq ^ 0. Moreover, if A(uo) = 0 then Ex{uo) < 0, 
with Uq ^ 0, which contradicts A < Aa. Thus uq G A+ and it is easily seen that there exists 
^2 > 0 such that t2Uo G Afff A A+. We claim that Un -A- uq. Indeed, if not then 


juo {t) < lim inf {t) 


for every t > 0. Hence 


h{t 2 Uo) = juo {t 2 ) < liminf j„„(t 2 ) < liminf ja^(l) = lim/>(«„) = inf lx- 

Ar^nA+ 


We have then a contradiction, so Un -A uq in H^{^) and 

hiuo) = inf Ix. 
aA nA+ 


We denote uq by U 2 ,x- 


Assume now (1^ . Let A„ —>■ 0’*' and Un = M 2 .a„- We claim that (u„) is bounded. 
Indeed, assume that ||u„|| -A 00 and set Vn = ||""|| . We may assume that Vn vq in 

Note that since f^a > 0 and 0 < A < As, there is a unique positive constant c G Afjj^ A A+ 
for every n. Thus 


P -2 

2p 


XuA{uu) 



XjiBiuu) 


(l^n) ^ Xn 



It follows that Ix„{un) -A 0 and A(i;o) = lim A(ua) = 0. If G Bq then 

p — 2 
2p 
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SO that E\^{vn) — >■ 0, and consequently — >■ 0, i.e. i>o is a nonzero constant. 

This contradicts A{vo) = 0. On the other hand, if Un G then Un G B~^ O A+ and 
ju„itoiun)) -G 0. So either to{un) —>■ 0 or 


Since 


^nB(Vn} T Epq 


Ex„ 

(\nA(Vn))^ 


-G 0+. 


/ Pi‘2-q) Ex^{u„) \ ^ / p{2 - q) / 

\2{p - q) Xr,A{un) J \2{p-q)\ A{un) J J 

\2{p-q)J ’ 


the first case is ruled out. In the second case, it follows that Ex„{vn) -G- 0 and once again 
we deduce that vq is a nonzero constant, which is impossible. Therefore (un) is bounded 
and we may assume that Un uq in i/^(0). From 


— Xn {A(^Un) B{Uyi^^ 

we infer that 0, so uq and uq is a constant. Since ||Mra|| > E > 0, 

we know that uq ^ 0. Finally, proceeding as in the proof of Proposition 13.141 we see that 

Uq = C2. □ 


Remark 4.4. Let a„ a in L°°{i2) with a+ ^ 0 for every n, a ^ 0 and a < 0. Arguing 
as in the proof of Lemma [3.41 we may show that if a G L°°{n) is such that f^a < 0 and 
a > ttn for every n, then Aa„ > Aa and As(an,) > As (a) for every n. So U 2 ,a,o„ exists for 
0 < A < min{As(a), Aa} and every n. Moreover, since —>■ 0 in L^{X}), from (14.21) we have 

||M 2 ,A,a„|l —>■ oo for 0 < A < min{As(a), Aa}. Finally, getting back to (j4.ip . we deduce that 
a„M 2 ,A,a„ ^ therefore ||M2,A,a„ |lc(n) ^ cxd for 0 < A < min{As(a), Aa}. 

Proposition 4.5. Assume a'*' ^ 0 and f^a < 0. If A„ —>■ 0+ then, up to a subsequence, 
1 

there holds Wn := Xn~^U2,Xn '^oo in where Woo is a nontrivial non-negative 

solution of the problem 

— Aw = a{x)w^~^ in fl, =0 on dU. (4-5) 


Proof. We claim that (w„) is bounded in Hq{GI). Indeed, note that Wn minimizes Jx„ over 
n A~^, where 

Jx(w) = ^Ex{w) - X^B{w) - A{w) for w G 

2 q p 

and AIa is the Nehari manifold associated to Jx- If w G A4^ n A+ and 0 < A < min{Aa, As} 
then 

^aH = Af^SM>Co||u;f-Cillrcr 

for some constants C'o,C'i > 0. If we prove that Jx„iwn) is bounded from above then we 
deduce that (wn) is bounded. We have 

Jx„{wn)= inf Jx„< inf Jx„- 

M^^nA+ A4^^nA+nHi(n) 

If w G Hq{Q) then B{w) = 0, so Jx{w) = ^Ex{w) — ^A(w), and it can be shown that 
inf Jx is achieved for A G (0, Af’(m)), where Af’(m) is the first positive eigenvalue 
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of 

—Am = \in(x)u in fl, w = 0 on dU. 

Finally, we claim that the latter infimum is bounded from above for A € (0,Af’(m)), which 
yields the conclusion. This claim follows from the inequality 

J\{w) < L{w) ■— - -^(w), 

2 P 

which holds for w G Hq{VI), A G (0, Af’(TO)) and some C > 0. Thus, given w G fl A+, 

if J\(tw) achieves its global maximum at tg > 0 then 

Jxitow) < L{tow) < (^ - ^) 


Therefore, fixing a. wq € n Al+, we obtain 


inf J\ < K := 
M^nA+nH^{a) 


V Mwo) ) 


1 

P-2 




for A G (0, Af’(TO)), as claimed. Thus {wn) is bounded in H^{n), so up to a subsequence we 
have Wn Woo in Taking v = Wn — Woo in 


(VWraVu — Xnm{x)WnV — a{x)w^ — Xn 


b{x)w'^ = 0 Vm G (4.6) 


Jn Jdn 

and letting n ^ oo we get lim f^VwnV(wn — Woo) = 0, so that Wn —t Woo in H^{n). 
Furthermore, since 


Co||M;„f < < ^^Aiwn) < CiWwnV 

I q 

for some Cq,Ci > 0, we get ||tyn|| > for some C > 0, so that Woo ^ 0. Finally, (14.61) 

also shows that Woa is a solution of (14.51) . □ 


5. Proofs of the main results 

Before proceeding to the proofs of our main results, we prove a partial positivity 
result on the boundary for nontrivial non-negative solutions of {P\)'- 

Proposition 5.1. 

(1) Let u\ be a nontrivial non-negative solution of (Pa) for A > 0. Then the set 
{a; G dfl : u{x) = 0} has no interior points in the relative topology of dfl, and 
it is contained in {x G dVt : b{x) <0} if b G €{8X1). 

(2) Let wq be a nontrivial non-negative solution of (11.121) . Then wq > 0 in XI, the set 
{x G dXl : Wo = 0} has no interior points in the relative topology of dXl, and it is 
contained in {x G dXl : b{x) <0} if b G C{dXl). 

Proof. 

(1) Assume by contradiction that xq is an interior point of 8X1 with u\(xo) = 0. Then, 
there exists po > 0 such that u\(x) = 0 for x G Fi := Bpg(xo) n 8X1. Let £> be a 
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subdomain of with smooth boundary dD such that Fi C dD and Fq := dD\Ti = 
dD n n. Consider the following mixed problem 

{ —Au = A(—mooW — in D, 

^=\KoaU onFi, (5.1) 

u = 0 on Fo, 


where rrioo = ||w||oo, floo = ||o||oo > 0, and Koo > 0 is a constant to be determined. 
Arguing as in the proof of [HI Theorem 1], we can prove that if K^o is sufficiently 
large then E3D has a unique nontrivial non-negative weak solution v\ € 

Here, is defined as the closure of [D U {dD \ Fq)) with respect to the 

H^{D) norm. We remark that v\ € U Fi) n C{D) [U [26] . so that ua > 0 in 
I? U Fi by the strong maximum principle and the boundary point lemma. On the 
other hand, we have ua > 0 on Fq, and for any ip € Hp^{D) satisfying ip > 0 there 
holds 

J Vu\Vip-\j (^-niooUx - ip - X J ATooWaV^ > 0, 

since u\ = 0 on Fi. Hence, by Proposition I A. 11 we deduce that v\ < ux in D. Thus 
ux{xo) = 0 < UA(a;o)) and a contradiction follows. 

The second assertion can be verified in a similar way. We assume that ux(xo) = 0 
but b(xo) > 0 for some a:o € 9H. Then there exist po, bg > 0 such that b(x) > bg for 
X € Fi := Bpg(xo) n dft. Setting Il,Fo as above, we consider the following mixed 
problem 


— Alt = A( —ITloolt — ttooU^ ^) 

in D, 

fH=A6ou^-i 

on Fi 

e 

II 

o 

on Fo 


(5.2) 


By direct computations, we have 


/D 


Li 


VuxVip-X / i-mooUx - aocU^x 




bgu\ ^ip>Q 


for any ip G H^^{D) satisfying ip > 0. Moreover, we have ua > 0 in Fq U H, and 
ux G C^{D) for some 9 G (0,1). On the other hand, associated with (15.2L we 
consider the following eigenvalue problem. 


-~A(j) = X{—moo)4> + <x4> 

S = 

(j) = 0 


in H, 
on Fi, 
on Fq. 


(5.3) 


We note that if AT > 0 is sufficiently large then for every A > 0 the above problem 
has a negative first eigenvalue cti, cf. [16]. Let (j)i be the positive eigenfunction 
associated to cti with Ht/iilloo = 1- Since cj)i G C^(r2 U Fi) n C{D), by the strong 
maximum principle and the boundary point lemma, we have (j)i > 0 in D U Fi . By 
direct computations, if e > 0 is a constant then, for any ip G H^^{D) satisfying 
(/j > 0, we have 


[ V(e(/>i)Vc^ - A [ (-mooe(/>i - aoo(£^0i)^ (fi - X f 6o(£(/>i)^ V < 0. 

JD JD JTi 


provided that 


0 < e < min 
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Applying Proposition lA. 11 to (I5.2p with u = et/fi and v = u\, we obtain e(j>i < u\ in 
D. However, we have u\{xq) = 0 < e(/)i(xo), which is a contradiction. 

(2) First of all, by the weak maximum principle, we have Wq > 0 in H. We argue now 
as in the previous item to deduce the positivity result on As a matter of fact, 
it suffices to consider (EH) replaced by the problem 

{ —Au = X{wou — V?) in D, 
it = 0 on Fi, (5.4) 

u = 0 on Fo, 

and note that (j5.4l) has a unique nontrivial non-negative weak solution for A > 0 
large. Note also that if b is continuous and b{xo) > 0 = w{xo) then we can apply 
the same argument to reach a contradiction, so that {x G : wq = 0} C {x € dV, : 
b{x) < 0}. 

□ 

Remark 5.2. If u\ is a nontrivial non-negative solution of {Px) for A < 0 then the asser¬ 
tions of Provosition HQ] (1) hold true replacing {x € dfl : b{x) < 0} by {x G dfl : b(x) > 0}. 
Indeed, if X < 0 then, by the change of variables p. = —A, (Pa) reduces to 

{ —Au = p[{—m)u-\-{—a)\u\P~'^u) inVL, 

= p{-b)\u\'i-'^u on dn. 

with p > 0. 


We deduce now our existence results using the fact that local minimizers of Ix con¬ 
strained to J\f\Mo are critical points of Ix and, therefore, solutions of (Pa)- It is clear that 
A+, B+ and Ef are open sets, so that, whenever achieved, the infima of Ix constrained to 
M^ n P+, M^ n Ef and Mf n A+ provide solutions of (Pa)- 


Proof of Theorem \l.St 


By Propositions l2.2l and l2.3l we have Af,, As > 0 if 6 < 0 and Aa, As > 0 if f^a < 0. 
Moreover, if b < 0 then Proposition 13.61 yields that inf Ix is achieved by uo,a > 0 

AffnB+ 

for 0 < A < min{Ah, As} and mq.a 0 in C^(fl) for some 0 G (0,1) as A ^ 0+. Likewise, if 

f^a < 0 then, by Proposition l4.31 inf Ix is achieved by U 2 ,x > 0 for 0 < A < min{Ao, As}. 

A/"^ nA+ 

Furthermore, by Propositions 13.91 and 14.51 the asymptotic profiles of mo,a and U 2 ,x are given 
1 1 

by Xi-^wq and Xp-^w^o as A —>■ 0+, where wq and w^c are nontrivial non-negative solutions 
of (13.5p and (14.5p . respectively. 

By a standard bootstrap argument, we obtain Wac G with r > N. The 

strong maximum principle and boundary point lemma yield Wao > 0 in H. Setting wx = 
Ap^U 2 ,A) we have that wx is bounded in and wx is a weak solution of the problem 

{ —Aw = Xmw -\- aw^~^ in H, 

on dVL. 

Rossi’s bootstrap argument [25] yields that wx is bounded in for some u G (0,1). By 

the compact embedding C'lfl) C C®(fl), 9 < v, we may obtain that wx converges to some 
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w* in C®(r2). Since w\ —)• Woo in we have w* = Woo- From Woo > 0 in we have 

U 2 ,x > 0 in for A > 0 close to 0, and minjYM 2 ,A —>■ oo as A 0+. It can be verified in a 
similar way that —>■ Wq in C^{n) for some 9 G (0,1). Indeed, it suffices to note 

that A~ 2 ^uo,a is a weak solution of the problem 


p — q ^ 

—Aw = Xmw + X 2-9 aw^~^ 


in n, 
on dVL. 


Finally, Proposition 15.II provides the positivity properties of wq. 


□ 


Proof of Theorem 1 1. 51 

By Corollary 13.121 inf I\ is achieved by mi a > 0 for 0 < A < min{AQ,Af,}. 

Moreover, by Proposition 13.141 iti ^ —>■ C 2 in C^{Q) for some 6 G (0,1) as A —>• 0+. 

Now, if A < 0 then we change the signs of A, m, a and b. Since 

/ (-to) < 0 < / (-a) and 0< / {-b) < Ki{m,a), 

Jn Jn Jon 

Propositions 13.61 and 14.31 yield the existence of two non-negative solutions mq.-Aj U 2 ,_a for 
0 < —A < min{Ai, As}, which satisfy mq.-a ^ ci and U 2 -\ C 2 in C®(0) for some 9 G (0,1) 
as A —!> 0“. We set then ui,a = uo,-a and V 2 ,\ = U 2 ,-x- □ 

Proof of Theorem 11. 51 


First of all, by a standard bootstrap argument we infer that U 2 ,a is a classical positive 
solution of (Pa)) since U 2 ,x > 0 in 11. In order to prove that U 2 ,x is unstable, we consider 
the following linearized eigenvalue problem at U 2 ,x with an eigenvalue 7 : 


Cxfj = X(p — 1 ) 0^2 

=A((7-1)6m|A^^i/’ + 7^ on dVt, 


where C\ = —A — Ato. Let us denote by 71 its smallest eigenvalue and by ifi G C^+“(II) an 
eigenfunction associated to 71 which is positive in Tl. We claim that 71 < 0. To this end, 
we use Picone’s identity [ 6 ]. By direct computations, we have 




{-CxU2,xi’i + U2,xCxi’i) 


A(p-2)A(u2.a) +7i / ^2 A- 
Jn 


On the other hand, by Green’s formula we have 









-b A (2 - q)B{u 2 ,x) - 7i / A x- 
Jan 
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Hence, 


7i = 


- /o V'? IV (^) f-X{p- 2 )A{u2,x) + A(2 - q)B{u2,x) 

In “2,A + /an ^2 ,a 

Since U 2 ,x G A/a, we have XB{u 2 ,x) = Ex{u 2 ,x) — XA{u 2 ,x)- So, it follows that 
“ /n ^1 ^ (^) + (2 - q)Ex{u 2 ,x) - X{p - q)A{u 2 ,x) 


7i = 


In ^2,A + li 


an ^ 2 ,A 


Since 1 x 2 ,a G A/’_;^ , we have Ex{u 2 ,x) < X ^('“ 2 ,a), and hence, 71 < 0, as desired. The 

proof of Theorem [L 6 ] is complete. □ 


Sketch of the proof of Remark\l.7\ 


Let us assume (11.141) and that wq is a classical positive solution of (11.121) . In the 
same way as in the proofs of Theorems 11.31 and 11.61 we infer that, for A > 0 sufficiently 
small. Mo,A is a classical positive solution of (Px)- In order to discuss the stability of mo,a, 
we replace M 2 ,a by mo,a in (15.51) and analyze the sign of 71 = 71 (A). Let ifi = tpiiX) be the 
unique positive eigenfunction associated to 71 and satisfying + /q V'l = 1- Setting 

^x{x) = Xm{x) + X{p — l)a{x)uo^x{xy~^ and r]x{x) = X{q — l)b{x)uo^x{x)'^~‘^, we observe 
from Theorem 1 1.31 that ^ 0 in L^(ri) and r]x ^ {q — \)hwQ~^ in as A ^ 0+, where 

b is understood as an extension to By the continuity of with respect to A, 

we get to a limiting eigenvalue problem as A —> O'*", namely: 

f-AV'i(O) = 7i(0)V’i(0) in H, 

= (9 “ l)^(^)'^r^V'i( 0 )+ 7 i(O)' 0 i(O) on dn. 

By Green’s formula, we have 

[\VM0)\^-[ {q-l)bwr^M0f=7i{0)- (5.6) 

Jn JdQ. 


Now, we claim that 71 (0) > 0. Once this is verified, by the continuity of 71 we 
conclude that 71 (A) > 0 for A > 0 sufficiently small, and the proof is complete. Using 
Green’s formula again, we see that 


0 = 


(-Amio) 


^i(O)^ 

Wo 



^^Vm;o - Vi/-i(0) 

Wo 


[ |Vi/ii(0)p- f bw^ ^i/’i(0)/ 
Jn Jon 


which combined with (15.61) yields 


7i(0) 


(9-1) / 
Jn 


^^Vm;o - VV'i(O) 


+ {2-q) |ViAi(0)|2 

Jn 


>{2-q) [ |ViAi(0 )|2>0, 
Jn 


since '!/’i( 0 ) is not a constant. 


□ 


Proof of Theorem \l.lA 
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Let 


Mi.±=inf< [ {\Vu\'^ - Xmu^) ; u e Hq{D±), f 

[JD± Jd± 


= 1 


be the unique positive principal eigenvalues of the Dirichlet eigenvalue problems 

{ —Au = Xmu + /i±it in D±, 
u = 0 on dD±, 

and let ui,± denote the corresponding positive eigenfunctions in Hq(D±), respectively. By 
a standard regularity argument and the strong maximum principle, it follows that G 
W^’^{D±) for any r > N, and ui^± > 0 in D±. Then, by Green’s formula, we deduce 

[ Vui ±Vu — [ —= A [ mui ±v + ui ± [ ui ±v for all u G C^(iA±). 

Jd+ ’ JdD+ on Jjj. ' ’ Jd+ ’ 


On the other hand, for any nontrivial non-negative solution u G H^{n) of {P\), we have 


VmVw — A 


-A 


P — X 


ion 


bu‘^ = 0 V w G 


and recall that u G 0 r > N, and m > 0 in O. 


Now, we consider v = u and w = ui.±, where 

= 

and then observe that 

0<- i 


ui,± in D±, 

0, otherwise. 


dui 


,± 


ldD± 


dn 


u = 


/il.± / MMl.i - X ' 

Jd± Jd± 


au^ ^ui^±, 


since ui.± G C^(iA±), > 0 in D±, and < 0 from the boundary point lemma (cf. 

[30]). Hence, it follows that > 0 if A > 0, and also that > 0 if A < 0. Since m 

changes sign in D±, we have < 0 for |A| > A if A is sufficiently large. Thus, we obtain 

|A|<A. ’ □ 


5.1. Bifurcating solutions. 

In this final subsection we prove Theorems 11.81 and 11.151 by a bifurcation technique. 
Since this technique does not require a variational structure for (Pa), the next results hold 
under the condition 


l<g<2<p. (5.7) 

We use the usual orthogonal decomposition L^(H) = IR © H, where 

H G L^ip.) : J v = 0 

and the projection Q : L^(H) —> V given by 







POSITIVE STEADY STATES OF AN INDEFINITE EQUATION 


33 


In this way we reduce the problem of finding a classical positive solution to (-Pa) under 
(I1.14P to the following two problems 

+ v) = AQ/(a:, t + v) in fl, 


dv 

dn 


= \b{x)g{t + v) 


where 


t = 


|fl| 


(5.8) 

on dVl, 

^( [ f{x,t + v)+ f bg{t + v)]=0, (5.9) 

\Jn Jon / 

u, v = Qu = u — t, f{x,u)=m{x)u + a{x)u^~^, and g{u) = u‘^~^. 


First, to solve (15.81) in the Holder space C^+“(r2), we set 


X = lvG C2+' 


'(H) : / 
Jq 


V = 0 


and introduce the nonlinear mapping F :IRxIRxX—given by 


P(A, t,v) = [ —Av — \Qf{x, t + v) + 


where 


A /■ , , . dv ,, , , 

— / bg{t + v), - - \bg{t + v) 

Jdn on 


Z = <j (0,e C“(H) X Ci+“(9H) : [ [ i/> = 0 . 

Jq JdQ 


The Frechet derivative of F with respect to v at (0, c, 0) is given by Fy{0, c, O)?; = (—Av, ^), 
where c > 0 is a constant. From Banach’s closed graph theorem it follows that P„(0,c, 0) 
is a homeomorphism. By the implicit function theorem, the set F(X,t,v) = 0 consists 
exactly of an unique C°° function v = v{X, t) in a neighbourhood of (A, t) = (0, c), satisfying 
i;(0, c) = 0. 

Now, plugging v(X,t) in (15.9L we obtain the bifurcation equation 

/ f(x,tFv(X,t))+ [ bg(t + v{X,t))] =0. 

\Jn Jdn J 

From this equation we deduce that A = 0 corresponds to the trivial solution (X,u) = (0,(i) 
with c — e<d<c + eioT some e > 0. 


Hence, the study of the set of non-trivial solutions for (A, u) close to (0, c) is reduced 
to the consideration of the equation 

<^(X,t) := [ f(x,t + v(X,t)) + f bg(t + v(X,t)) = 0 (5.10) 

Jn Jan 

for (A,<) close to (0,c). 

Recall that under the condition that f^m > 0 > J^a and b < 0, the assumption 
fan ^ ^ ~Ki('^i o) made in (I1.15P is equivalent to the existence of two positive zeros ci < C 2 
of (f in (11.51) . 

Theorems ll.8l and ll.15l fll are direct consequences of the following result. 

Proposition 5.3. Assume (11.131) . (11.141) . (11.151) . and (15.7p . Then the following two asser¬ 
tions hold. 


(1) (Pa) has two classical positive solutions Uj^\, j = 1,2, for X close to 0, given by 

Uj^x = tj(X) v(X,tj(X)). 














34 


HUMBERTO RAMOS QUOIRIN AND KENICHIRO UMEZU 


Here tj is a function of X such that A i-A Uj^\ € is a map, tj{0) = Cj, 

and v{0,Cj) = 0, j = 1,2. Moreover, Ui^x is unstable (respect, asymptotically 
stable), whereas U 2 ,\ is asymptotically stable (respect, unstable) if X > 0 (respect. 
A < o). ’ _ 

(2) If {P\) has a classical positive solution ux with A ^ 0 such that ux ^ c in C{Xl) as 
A —>■ 0, where c > 0 is a constant, then ip(c) = 0. 


Proof. 


(1) Differentiating $ in (15.101) with respect to t we find 

$t(A,t)= [ fu{x,t + v){l + vt)+ [ bg'{t + v){l + vt). 

Jn Jan 

From (|5.8I) we have 

M ^ AQ[/„(a;,t + '(;)(1 + z;*)] in D, 


= Xbg'{t + v){l + vt) 
Putting A = 0 and t = Cj we get 


on dfl. 


—Avt{0,Cj) = 0 in D 
dvt{0,Cj) 


dn 


= 0 


on dXl. 


Since vt{0,Cj) G V, we have vt(0,Cj) = 0. It follows that 

$t(0,Cj)= / /„(x,Cj)+ / bg'(cj) 

Jn Jan 

= [ m+ {p - l)c^“^ [ a+ {q- l)cp^ [ b. 
Jn Jn Jan 

Therefore, 


^ -d>t(0,c,)= ^ 


9-1 


9-1 


m + 


P- 1 
9-1 




a + 


b. 


(5.11) 


I an 


Now, we claim that $i(0,Cj) ^ 0. Once this is verified, we end the proof of Propo¬ 
sition [5l3] (1) by the use of the implicit function theorem. Let cq G (ci,C 2 ) be the 
global maximum point of ip. This one is given explicitly by 


(2-9)/o"i 


',(p-9)(-/na) 

From (|5.1ip and the fact that p{cj) = 0, we deduce that 

r^-<i 

a. DO 


(5.12) 


c* ^ , t 2 - q 


-$t(0,Cj) = 

9-1 V9 - 1 

It follows from (15.121) that 


r.2-9 


p-q 


9-1 


1 


9-1 


‘&t(0,o) = 


2-9' 

9-1. 


m + 


p-q \ p-2 
9-1 




V's-F 




for j = 1, 
for j = 2. 


The conclusion follows. 
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We prove now the stability results of Uj^\. We recall from (15.51) the linearized 
eigenvalue problem at Uj^\: 


—A-tjj = Xm-tjj + X{p — + 7'0 in 


|^ = A(g-l)C/J_^V + 7V' 


on dn. 


(5.13) 


Let 7 i = 7 i(A) be the smallest positive eigenvalue of this problem and V'l = '0i(A) 
be the unique positive eigenfunction associated to 71 , satisfying ipl + -ipf = 1. 

/ xl/2 

It is easy to see that 71 (0) = 0 and ipi (0) = ( j . We differentiate (15.131) 

with respect to A and let A = 0 to obtain 

-A' 0 i(O) = mipi(0) + (p- l)aU^g^^i(O) + 7 (( 0 )i/ii( 0 ) in 11 , 


= (g- 1)617« Vi(0) +7U0)V'i(0) 


an “ vy 
By Green’s formula, we have 


on dfl. 


(5.14) 


(mi/jiiO) + (p- l)oL|o Vi(0) +7U0)V’i(0)) 

+ ((g - l)6C/|o Vi(0) + 7U0)V’i(0)) = 0. 

Since Uj^o = cj and (p{cj) = 0 from p.5l) . we deduce 

, cf" {(2 - g)c^"-« J^m+{p- qyf^ a} 

=- mrjmi -■ 

By a direct computation, we see that 

Cj‘p'{cj) = { 2 -q)c^r‘i f rn + ip-q)dl~‘^ [ a. 

Jn Jn 

Since <p{ci) > 0 > <pi(c 2 ), we deduce from (15.141) that 7 ^( 0 ) < 0 for j = 1 and 
7((0) > 0 for j = 2, which combined with 71(0) = 0 provides the desired conclusion. 

(2) Let u be a classical positive solution of {P\) with A 7 ^ 0. By Green’s formula it 
follows that 


—Au = —X 


bu^ 


/an 


Hence we have 


i.e. 


/ {mu + au^ ^) + / ' 

Jn Jan 


bu^-^ = 0 


f {mu + au^ ^ = 0 . 

Jn Jan 


in Jan 

Since u ^ cm C(H), where c is a positive constant, we obtain the desired conclusion. 


□ 


Next, we recall that under the conditions f^m > 0 > f^a and fg^b < 0, the 
assumption b = —Ki{m, a) is equivalent to the existence of a unique positive zero cq of 
, given by (15.121) . In this case, p(co) = (p'ico) = 0, and cq is the global maximum point of 


Lemma 5.4. Assume (11.141) . (15.7|) . f^m > 0 > f^a, and Jg^b = —Ki(m,a). Then, for 
4) defined in (15.101) . we have the following: 
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( 1 ) $(0,co) = 0. 

( 2 ) $t(0,co) =0. 

(3) $ti(0,co) = -(2 - q){p - 2)cg^f^m < 0. 

(4) $a(0,co) = f^mvx{0,co) + {p - l)c4^~'^ J^avx{0,co) + {q - bv^(0, co). 

In particular, if a = —km for some positive constant k, then 

$a(0, Co) = {q- l)co 1 [ IVz;a(0,co)|" > 0. (5.15) 

Jn 


Proof. 

(1) It is straightforward from 

$(0, Co) = [ (mco + acg“^) + [ bcl~^ = cg“ V(co) = 0. 

Jn Jan 


(2) We differentiate $ with respect to t to get 

= [ fu{x,t + v){l + Vt)+ [ bg'{t + v){l + Vt). 
J Cl J dO. 


Thus 


$t(0,co)= [ /„(a:, co)(l+ut(0,co)) + [ 6g'(co)(l + ut(0, co)). (5.16) 

Jn Jan 

Let us show how we derive ut(0,co) from (15.8p . Differentiating (15.81) (with v = 
v{X,t)) with respect to t, we obtain 

-Avt + Sgn^d'it + ^^)(1 + d) = \Q[fu{x,t + u)(l + vt)] in D, 


dvt 

dn 


= Xbg'it + u)(l + Vt) 


on do,. 


Taking (A, t) = (0, cq) we get 


—Aut(0,co)=0 in D, 

5i;t(0, Co) 


i9n 


= 0 on dVL. 


Since Ui(0,co) G V, i.e. f^Vt(0,Co) = 0, we have 

z;t(0,co) = 0. 

Hence, from (|5.16p and (p(co) = ‘p'(co) = 0, it follows that 

$t(0,co)= [ (m+(p-l)acg“^) + [ b{q - l)cl~^ 

Jn Jan 

= [ {m+{p- l)acg“^) + {q- l)cg"^ [ b 
Jn Jan 

= [ im+{p- l)acg"^) + (g - l)cg"^ f-cg”'’ / 
J Q, \ J Q 

= (2 - 9 ) / TO + (p - 9 )cg"^ / a = 0. 

Jq Jq 


a — c. 


2-g 


m 


(5.17) 
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(3) Differentiating $ once more with respect to t, we have 

^’m(0,Co)= / {fuu{x,Co){l+Vt{0,Co))'^ + fu{x,co)vtt{0,co)} 

Jn 

+ [ ^{5”(co)(l + d( 0, co))^ + g'(co)r'tt(0, Co)}. 

Jan 

In the same way as cq) = 0, we get Vtt(0, cq) = 0 from (I5.8I1 . It follows that 

^’tt(0,co) = (p-I)(p-2)cg"^ / a + {q - l){q - 2)cl~^ f b 

Jn Jan 

= (P-1)(P-2)cg"^ / a+iq-l)iq-2)cf^ f a - cl~‘^ 

Jq \ J q. 

= {{P - 1)(P - 2) - (g - I)(g - 2)}cP~^ f a-{q- I))? - 2)co^ f 

JQ. J Q 

= (^{{p - l)(p - 2) - (g - I)(g - 2)}cg"^ J^a - {q - I)(g -2) 

(2 -q)f^m 


IQ. 

m 


= Cp-^ ( {{p -l){p-2)-{q- I)(g - 2)1 


[ a-(g-I)(g-2) / 

J^a) Jq Jq 


= Cn / TO 


2-q 


n \P-q 


{{q - l){q -2) + {p- l){p -2)-{q- l)(p - g)} 


= Cn 


'-o f ™(-—^ ) (p-2)(g-p) =-(2-g)(p-2)co^ /" to < 0, 
Jn XP — QJ Jn 

where we have used again that <p(co) = <p'(co) = 0. 

(4) From the formula 


= / fu(x,t + v)vA + / bg'(t + v)vx, 

Jn Jan 


it follows that 


^a(0,co)= / fu{x,co)vx{0,co) + / bg'{co)vx{0,co) 

J Q. J dQ 

= [ (to + (p - I)acg"^)PA(0,co) + [ 6(g - I)cg“^CA(0,co) 

Jn Jan 

= [ toi;a( 0, Co) + (p-l)cg“^ / avx{0,co) + {q-l)cl~'^ [ bvx{0,co). 

Jn Jn Jan 


(5) From (|5.8I) we get 

-Aua + A fan + x) + W{t + ^^)^'a] = Q[f{x, t + i;)] + XQ[fu{x, t + ?;)i;a] in D, 


^ = b[g{t + v) + \g'{t + v)vx] 

Put A = 0, t = Co, and v(0, cq) = 0, to obtain 

I-Aua(0,co) + ]^/aa&5(co) = Q[f(x,co)] in D, 

on dQ, 


on dfl. 


) dvx(0,co) 


(31/(3:, Co)] = niCQ + ac^ ^ --F ^(mco + acg (). 


where 
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It follows that 

{ -ATA(0,co) + i^{/f;(mco + acg“^)+ = tocq + acg“^ in II, 

9va(0,Co) q-l 

- ^ -= H on dn, 

and consequently 

{ —AnA(0, Co) = TOCo + oCq”^ in H, 

(9ca(0,co) ,_i 

——— = b4 on an, 

since (p{cq) = 0. Hence 

[ \yvx{0,co)\'^ - cl~^ [ bvx{0,co)= [ {mco +ac^~^)vx{0,co). 

J Q, J dCl J Q 

From (4) we get 

co$a(0,co) = Co / toca(0,co) + (p - l)co“^ / a'CA(0, co) + (g - l)co“^ / 6 ua(0,co) 

J Q. Jq j dVl 

= ^ |V?;a(0, co)P + “ 9)coTO + (p - g)c[;"^a| 7 ;a(0, cq). 


Since fc is a positive constant and a = —km^ we have 

(2 - q)com + (p - g)cg“^a = mco |(2 - g) - (p - g)cg“^fc| 

= mcQ I (2 - g) - (p - g) 

= 0 . 


(2-g)/^m 

{p-q){-In a) 


Therefore 

co$a(0,co) = (g - 1) / |V'Ua(0,co)P. 

Jn 

Moreover, since b^O, nA(0,co) is not a constant, so that |Vi>a(0,co)P > 0. 

The proof of Lemma 15.41 is now complete. □ 


Theorem ll.151 f2l is then a direct consequence of the following result: 

Proposition 5.5. Assume (11.141) . (15.71) . a = —km for some positive constant k and 

/ TO > 0 > / b = —Ki{m,a). 

Jn Jdn 

Then there exists a constant e > 0 and a function A : (co — co + e) —>• IR satisfying 
A(co) = A'(co) = 0 and A"(co) > 0, such that the set 

{(A(t), t + w(A(t), t)) :t € (co - e, Co + e)} 

is contained in the positive solutions set of (Pa)- Moreover, the positive solution t + v{X(t), t) 
of {Px{t)) is asymptotically stable for cq < t < cq + e and unstable for cq — e < t < cq. 

Remark 5.6. From (15.121) note that if a = —km then co = co(fc) = ^ {p-q)k ^ ^ ^. It follows 
that k I—>• co(fc) is decreasing, hm;;^o+ co(fc) = oo and hmfe_>oo co(fc) = 0. 
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Proof. By (I5.15|l and the implicit function theorem, we deduce that there exists a function 
t i-A X{t) such that 

$(A,t) = 0 for (A,t) close to (0,co) (A,t) = for t close to cq. 


From Lemma [5.41 (11 we have A(co) = 0, whereas from Lemma fS.dl 121. (3), and (I5.15|) . we 
have 


A'(co) 


^t(0,co) 

^a(0,co) 


A"(co) 


$»(0,co) 

$a( 0, Co) 


as desired. 


We prove now the stability result. Recall cq is the unique zero of (/?, given by m, 
as well as its global maximum point. So we have 


Cq ^<<2(co) = [ m + c^ f g + Cq ^ f 5 = 0, (5.18) 

JQ Jn Jdn 

Co~V'(co) = (2 - g) [ m+(p-g)cg“^ [ a = 0. (5.19) 


Jfl JQ 

We let i(;(t) := t + v{X{t),t), and consider the stability of (A(t), w(t)), |t —co| < e. To this 
end, we study the linearized eigenvalue problem at {X{t),w{t)), which is given by 


—A'0 = Xmtjj + Xafp — l)w^ in SI, 

dyitp = Xb{q — l)w'>~'^tp + 7 i/> on i9Sl. 


(5.20) 


Let 7 i = 7 i(t) be its smallest eigenvalue, which is simple, and ipi = tpi{t) be the positive 
eigenfunction associated to 71 satisfying ipf + ipf = 1. 


First, we claim that 

7 i(co)= 0 , and ipi(co) = 
Indeed, putting t = cq in (I5.20|) . we have 


|S1| + |9S1| 


1/2 


j-A'0i(co) = 7i(co)V'i(co) in SI, 
[dntpi = 7i(co)V'i(co) on 5S1. 

By uniqueness, it follows that 71 (cq) = 0 and 

/ 1 y/2 

"(isiManij ’ 

as claimed. 


(5.21) 


Second, we show that 

7 i(co) = 0, and ^p[{co) = 0. (5.22) 

To this end, we differentiate (15.201) with respect to t (with 7 = 71 and ip = ip\) to obtain 

{ —Ai/jj = m (X'lpi + Xip'i) + {p— l)a [X'wP~'^'ipi + X{p — 2)w^~^w'ip\ + Xw^~'^'ip[) 

+7(V'i + litp'i in SI, 

dn^p'i = b{q - 1) {X'w‘>-'^^pl + A(g - 2)w‘>-^w'tpi + Aw«-Vi) + tIV + 7 Vi on 9S1. 

(5.23) 

Taking t = cq in (I5.23P we get 

f-AV(co) = 7i(co)V'i(co) in SI, 

1 W(co) = 7l(co)V'i(co) on 5S1. 
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By Green’s formula, we deduce that 

[ (7^(co)V’i(co)) + [ (7i(co)V’i(co)) = 0, 

Jn JdQ. 

so that 7 ((co)i/'i(co)(|n| + |i9r2|) = 0. Hence, we have 7 i(co) = 0, and consequently ^/’i(co) 
is a constant. On the other hand, differentiating iIji + Jqq '0i = 1 with respect to t we 
obtain 

f + f V’lV’i = 0- (5-24) 

Jq J dQ 

Thus we have '(/'i(co)V’i(co)(|^2| + |50|) = 0, which implies tf}[{co) = 0, as desired. 


Third, we verify that 

7r(co) = 0. (5.25) 

Differentiating (15.231) with respect to t, we obtain 

-Atp'l = m (A'Vi + 2AV( + A^/>") + {p - l)a (A"'u;P-Vi + A'(r(;P-Vi)') 

+ [Aa(p - 1) ((p - 2)wP~^w''tpi + + 7 "'01 + 27('0( + 710" in H, 

= b{q - 1) [A"w«-20i + A'(u>«-20i)'] + [Xb{q - 1) {{q - 2)u>«-3w'0i + 

+7"0i + 27 ( 0 'i + 7101 on dfl. 

(5.26) 


Taking t = cq we get 

f-A0"(co) = A"(co)m0i(co) + A"(co)a(p - 1 )(w(co))P“^0i(co) + 7"(co)0i(co) in ^2, 
\9n0i(co) = A"(co)6(g-l)(n;(co))'J"^0i(co) + 7"(co)0i(co) on 50. 

Since 0i(co) is a positive constant, it follows by Green’s formula that 

[ m+{p-l) [ a{w{co)Y~'^ + (q - 1) [ 5(w(co))'^“^^ 

\JQ Jn JdQ. J 

+ 7('(co)(|0| + |50|) = 0. 

Note that u'(co) = cq, which combined with (15.181) and (15.191) implies 

[ m + {p-l) [ a{w{co)f~'^ + {q-l) [ b{w{co)y~'^ = 0, (5.27) 

J Q J Q J 0Q 

and (15.251) follows. 

Finally, we verify that 


7r(co) > 0. (5.28) 

We differentiate once more (|5.26l) with respect to t and take t = cq. Since A(co) = A'(co) = 0 
and 0((co) = 0 we deduce that 


-A0("(co) = A'"(co)m0i(co) + A"'(co)a(p - l)('u;(co))^’“Vi(co) 

+3A"(co)a(p- l)(p- 2)(r(;(co))P“^'u;'(co)0i(co) + 7"'(co)0i(co) in O, 

i9„0i'(co) = A'"(co)6(g - l)(n;(co))«"^0i(co) + 3X"{co)b{q - l){q - 2)('u;(co))'^“^w'(co)0i(co) 

+7r(co)0i(co) 


Since w(co) = cq and 0i(co) is a positive constant, by Green’s formula, we deduce that 
0 = 7"'(co)(|f2| + |50|) + A'"(co) ^m+(p- + (q - l)cg“^ bj 

+ 3A"(co) |(p - l)(p - 2)c^~^ f aw'(co) + (q - l)(q - 2)cg“^ [ 6w'(co)l . 

I Jq JdQ J 


on 50. 
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Using (I5.27I1 . we see that the second term on the right hand side vanishes. In order to 
deal with the third term, we consider w'(co). Note that, from the definition of w, we have 
w'{t) = 1 + v\X' + Vt- Since A'(co) = 0, we have then w'{co) = 1 + t>t(0,co) = 1, where we 
have used (15.171) . From a = —km, it follows that 

7"'(co)(l^^l + = 3A"(co) I k{p - l){p - 2)cg“^ f m+{q- 1)(2 - q)cl~^ [ 61 . 

I Jn JdQ J 


Now, we recall the assumption 


b = —Ki(m, —km), 


(5.29) 


/an 


which yields b = —Cpqkp-^ m, where 


Cpq — 


q /p\hi\ q{p-2) fp{2-q)\p-^ p-2 (2-q\p 


2 \ 2 ) 


2{p-q) \2{p-q) 


p-q \p-q 


Moreover, from (15.191) we also have 




V p~g 

2-q \ 
p-q 


Thus, from (15.291) we deduce that 

7 "'(co)(|fl| + |9n|) = 3A"(co)cg"^|(p-l)(p-2)c()“'^ / m + {q - 1){2 - q) f 

I Jn Jan J 


= 3A"(co)c; 


, 9-3 


kp-^ 


2 /2 — q\ 


p-q 


{p-2){2-q). 


From A"(co) > 0 and f^m > 0, we infer (15.281) . 

Summing up, from (I5.21L (j5.22|) . (15.251) . and (I5.28|) . the desired conclusion follows. 
The proof of Proposition 15.51 is now complete. □ 


Appendix A. A comparison principle for mixed Dirichlet and Neumann 

NONLINEAR BOUNDARY CONDITIONS 

In this Appendix, we provide a variant of the comparison principle proved by Am- 
brosetti, Brezis and Cerami [31 Lemma 3.3] to mixed Dirichlet and Neumann nonlinear 
boundary conditions. We consider the general boundary value problem with mixed nonlin¬ 
ear boundary conditions 

{ —Au = f{x,u) in D, 

^^g{x,u) onFi, (A.l) 

u = 0 on Fq, 

where: 

• I? is a bounded domain of IR^ with smooth boundary dD. 

• ro,ri C dD are disjoint, open, and smooth {N — 1) dimensional surfaces of dD. 

• Fq, Fi are compact manifolds with {N — 2) dimensional closed boundary 7 = FonFi 
such that dD = roU 7 UFi. 

• / : n X [0, 00 ) ^ IR and g : Fi x [0, 00 ) —>■ IR are continuous. 


























42 


HUMBERTO RAMOS QUOIRIN AND KENICHIRO UMEZU 


Proposition A.l. Under the above conditions, assume that for every x € D, t 
is decreasing in (0,cxd), and for every x € Fi, t i —is non-increasing in (0, cxd). Let 
u,v G H^{D) n C{D) he non-negative functions satisfying u = 0 < v on Tq, and 

/ VuVg}— / f{x,u)ip— / g{x,u)(p < 0, y(p G H^^{D) such that > 0, 

JD JD Jri 

/ VvVip— / f{x,v)ip— / g{x,v)ip> 0, \/ip G such that ip>0. 

JD J D Jti 

lfu,v>0 in D, then u <v in D. 

Proof. Let 0 : H ^ H, be a nonnegative nondecreasing smooth function such that 9{t) = 0 
for t < 0 and 9{t) = 1 for t > 1. For e > 0 we set 9e(t) = 0{t/e). Since u — u < 0 on Fq, we 
have v9e{u — v) G so that 

/ Vuy{v9s{u —v)) — / f{x,u)v9i;{u — v)— / g{x,u)v9e{u — v) < 0. (A.2) 

JD J D Jti 

Likewise, since u9e{u — v) G Hp^{D), we have 

/ VvV{u9g{u — v)) — / /(x,u)u0e(u — u) — / g{x,v)u9g(u — v) > 0. (A.3) 

JD J D JTi 

Let F]^ = {a; e Fi : > 0}. Since t i->- is non-increasing in (0, oo), we have 

g{x, 0) > 0, which combined with (IA.2I) and (IA.3I) yields 


/ 140'(u — u)Vu(Vu — Vu) — / v9'^{u — v)Vuiyu — Vv) 
J D J D 


ID 

> UV 
JD 

> UV 
JD 


fix,v) _ fix,u) 

V u 

f{x,v) f{x,u) 


9e{u-v) + [ 
Jri 


9s{u - v). 


g{x,v) g{x,u) 


9e{u - v) 


V u 

From — Jjy u9'^{u — i;)|V(m — < 0, it follows that 

[ iu-v)9',iu-v)VuV{u-v)> [ 

Jd Jd \ V u 


9^{u — v). 


(A.4) 


Now, we introduce ^s{t) = s0'(s)c?s for t gM. We have then 0 < 7 £(t) < e, t G M. 


Note that — v)) = {u — v)9'^{u — u)V(ii — v). Hence, from (IA.4I) we deduce that 

' fi.x,v) f{x,u)' 

[I V [ 

f D Jd 


9e{u - v). 


Now, since 7 e(u — v) G Hy^{D) and 7 e(u — u) > 0, we note that 

/ VuV(7e(m - u)) - / f{x,u)-te{u-v) - j g{x,u)"ie{u-v) <Q, 
Jd Jd Jvi 

and combining the two latter assertions, we get 

/ f{x,u)^e{u-v) + / g{x,u)"te{u-v)> / UV 
Jd Jri Jd 


f{x,v) f{x,u) 


9e(u - v). 


Since je(i) < £; there exists a constant C > 0 such that 

7(a;w) fi.x,u) 


Ce > UV 
J D 


9e{u - v). 


(A.5) 
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Since 1 1-5> 


is decreasing in (0, oo), we use Fatou’s lemma to deduce from (IA.5I) that 


Note that 


so that 



liminf uv 
£—>0 + 



u ) 


9e{u 


v) < 0. 


lim 0g(u — v) 
£->0 + 


1, U> V, 
0, u < V, 





u ) 


< 0 . 


Using again that 1 1 —>■ is decreasing in (0, oo), we conclude |{m > u}| 

u < V a.e. in D. By continuity, the desired conclusion follows. 


0, which implies 
□ 


Appendix B. Positivity of nontrivial non-negative weak solutions in the 

ONE-DIMENSIONAL CASE 


In this Appendix, we show the positivity of nontrivial non-negative weak solutions 
for the one-dimensional case of (Pa)- We take 17 = / = (0,1) and show that under some 
regularity assumptions on m and a a nontrivial non-negative solution satisfies u > 0 on /. 
More precisely, we consider nontrivial non-negative weak solutions of the problem 

{ —u" = \{rn{x)u -\- a{x)vP~^) in /, 

-u'(0) = A6ou(0)«-\ (B.l) 

u'{l) = A6iit(l)«“\ 

where 1 < q < 2 < p, m,a £ C^(/), and bo,bi £ H. A non-negative function u £ H^{T) is a 
non-negative weak solution of dHU if it satisfies 

J u (j) = A (6ou(O)'^“^0(O) -I- 5iu(l)‘^“^(/)(l)) + + avF~^)(j), Mcj) £ 

We prove here the following: 

Proposition B.l. Let 6o,6i £ IR 6e arbitrary. Then any nontrivial non-negative weak 
solution u of (Ell) satisfies u > 0 in I. 


Proof. If u is a nonnegative weak solution of (IB.II) then, thanks to the inclusion H^{I) C 
C{I) (see [7]) we have u £ C{I). Moreover, we claim that u £ so that u £ C^{I). 

Indeed, from the dehnition we derive 

J u'(j)' — ^ J + au^~^)(j), \l(j) £ Cl{I). 

This implies that {u')' = —auP~^ in I in the distribution sense. By the chain rule we obtain 
mu -I- auP~^ £ since m,a £ C^(/). By definition we infer that u £ From the 

inclusion C C^(I), it follows that u £ C^(I). 

In fact, by a bootstrap argument and elliptic regularity, we have u £ C^il). Hence, 
it follows that u £ C^{I) H and we infer that u > 0 in / by the strong maximum 

principle. In order to show that u(0) > 0, we assume by contradiction that u(0) = 0. Then 
the boundary point lemma tells us that —u'(0) < 0. However, the boundary condition in 
(IB.II) is understood in the classical sense under the condition u £ C^{I) nC^(/), and thus, 
it'(O) = 0, which is a contradiction. Likewise we can show that m(1) >0. □ 
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Remark B.2. Using the same argument as in Proposition IB. 11 we infer that in the case 
= 1 nontrivial non-negative solutions of (11.121) satisfy wo > 0 on U. 
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